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. jjjnjil yJl JJlij jdUiJ i>j L^^ci^ ObLJi ^ ^ pMJlj S^LaJlj oUlkll iJLsJ 



(Principles of Mathematical Analysis) ^ 
JJ«h J c-s^Ji **t ^ Jb-ij jjau. Walter RUDIN jj ^ ^ 



J*£j 4j £aJ| ji£ jf jUih JUjl ill jLl .L^l^Jl \1* i&j J LPlj ^Jb CJJ*rj 



,^Ip -Oil JL<? j . jdUll -01 J-J-i j frlP^il <~-# 431 4jU? yj A^rjJ LaJl^ J*Jl lift 



jJl .->bjl JJkall O^btj jtjji J fOA&_j OS uJfc£)l 10* Jo# 

2*) tell i*JaJl l^JaJ ^ i>* 4i * ^* 



v-^jJ Sale] Jl 2iU9^b ik-Jl OlJjO^I ^ JJUJlj Ol*U>^ (jS* £» 




jSft cJls£l] A.oUll Silil J*£ Ol jjJbJl 40* ^LJ 01 J^i ^11 .> 

>c/ jjoJl 40* Js* Ojib ^.oJi fc^^kU 
J*s- U^i aiop-Si tU-> *oJi Ob (is*if oi ^osJi J ^y-j ^ 01 



iiOP^ flto (p.oS o£i JJoJ ia»j .»i jsr^i loi a-pioJi 2*0-1 ^ofi ^ c^^UaJi ^ 

JO* fiAH C Oij t 4^>il ^ ^M. ^ 



*-b Oli villi -^r^ 4 4J * ouUsiJ 



cji^j icjj b|io>- ^ jt Dedekind's Construction o^oji jsj UJ)-\ 



.diJ jb Ci jJ \ LOT L4 j Vfwl Ol£»*Jb til) dUJb.j c J jSH fa 

- J^«J\ flJloJl ijSjyO 2bkj{ J-^-J (f Jij .jliy-»J a»*J»jll J-^Usil 

Stokes 'theorem i5ji- 




- Ol£; jUdl J-BA)\ jfl-lflJ {P OAS nSjhH\ Olji*iJJ W^.J 

jfj 4 ^\iJi J-fli)i J gamma UlT SJb 3j>a3 5 iiu?) (Riemann Stieltjes 

. Aflj Jsj Aibcii 



^ ULJi ^ J j£s J\ o'ibili ou*Ji Ji Sjli.^b Uuj c^3 oi, 
diJJb L> ^Mathematics Magazine Jj America Mathematical Monthly 



R. B. Burckel JS'jh o T ^ 4i * 



WALTER RUDIN 
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The Real and Complex Number Systems 



Ool^Ul ;0;liJl Jia ) ^bjl J>uli f^bUJ ^>*jll £>N £ 







j /w ^ 4— j£i> ^ <sJi ^\ap*i\ </f) rational numbers l 9t ~J\ ^j^>j*. 

n 



XJHi o la Of .( Uy lift jAjO Jj^) . =2 ibUlt /? ^ a op dilUA ^ jj 

u Ui* ^iij irrational number "i—^t js*Ji ataeSi " u ^ col 



1,1.4,1.41,1.414,1.4142 ,. . . 



IJJU i\js>H\ fUaj H U r-UJ juu Up i^br^ j& 0\ 



2 



01& c^juIi \Jla Jju dliUA J*rji Olf j) . p ^-u ^op JJ ^y ja^j Of j& *ll 



/7 



Oi L»J» Joj (^) JUaUii O^j UOiP ai lift 01 jfi j£l 



jj a j* y» n at 

contains no ^ jf* J* ^ <*» J ^ ^ > 2 ^ * ^ 

sinaferf ««mi e r ^ J* largest number 



.contains no 



q<p iii ii^s g i^H iJ * B ^ p 



n 2 -2 2p + 2 



0") p + 2 p + 2 



(*) ?2 2 (/? + 2) 



2(P 2 - 2) UXP 



J a(i) J(9 >i ? ^(r )l /-2<0^^ije 



<2 



2 _ 2 > ujl* B t| P ^ 



>2 




./teW j^'j ordered set iJjll & j+**M JuUdi ^Uli J y y 




cjiT \b\ .empty set Iji^i ^-j & <Jf£ *i ^ **yJ?\ Oj 

.nonempty j£ Ul3 cji^i J^ij^a^ jjIp ^js^ i^^i 



proper set ZJ*i LSj^ts-y^ ^ A Oi J^J ^ Ji *i £ J ^ iiua Olf 

i*^ j£U cr^ Of J^«i .5—/ 

y>jwj Jla^Sl *JaJ (*Jl i*j*£t Oti <Jjty J-oill yift IlJjj*3 t <."S 

• Q 



Sets Ordered 5J jll olP 



t^i^ j ' < — » ^> >«ji tihte SJ* order u-^i ti\ teyntS :cAJ jC t) 



iJuJi oijUJi Jaii 3.LHj SjLp OVi Iaxp y eS j xeS OlT lal ( i) 




0j& 

x<y SjUJi x<z M iy<z j x<y Of OlT lii (ii) 



. x < y y>x <-^i 3 

. X > y _J ^fcJi ^ X<y nS^ 4jbu} 



5 



r a\ j» r < s OlT \il '*y>* Q ^ J\uT 



(bounded 



Jifity p iJui* ^ E Of Jjfl c^j 

,1T -J woper Zwwfl 



,/JUi-i dJUbi a e 5 ill* £>t 

.£_J^>aJ^a (i) 

uJp laJ c-J y i>£ y < a 0\f lij (ii) 

£ _i feasf Hpoer found (±**b ^ ^ a ^ ^ 



E 




i>J yisf) jfty jt [(H) j» UT o^T 8 j a j*H\ ^ ill*] 

<E -J supremum 2jM j*^ 1 



a = sup£ ■ 



i^ijifil ) # J j> # reatesf fowwf tower pb* 9 1 V' ±M ft 



a 



inf £ 



0j& p>a aarjJ •Si Aiij£iP>^LUJ ^UJi Jjlitf a Of ^ 



Y 



w.alkottob. 



.QiJ^ki iPpiU) Oftfj* C#*j+£\ c> Jlill J o^j^^ B j A &*y£\ (i) 

IM 4P Old t yup^i ^uaJl ^J* £ j£ *i B yJr\ 0\ tfj .J? *P j^Jr^ j-^Up 

^ Aas «0 fefls^ wpper bound in Q J j**? 1 k j& i^J d ike 



.5 ft&s greatest lower bound in Q J JaP* l*U-y 1*1-3 dlUc ^ B&yJr\ 



£2 < ^ r g Q j» jhW ^1 £ x j&J cjteli 



013 lAJLP . r < r E Q jt-JaJ ^1 4P yJr\ 



0, = sup£ 2 - sup Ex 



eE 2 * g £, j 



013 Iajlp ( /j = 1,2,3,...) ^ t- ^ dtffcs E l*jJ?\ j£J (r) 



E 4 & ^ &j ' inf E = j J ^ <ji'j sup £ =2 



lit /eotf - u/?per - bound property 
0,011 i^j^- dike *!f Q Ob (?) ^ d J tell J sup £ diJteA osrjJ uo* 




ftjai fjli L .Jd~,fy iJLi> B j itJi* itj+f B <BczS 

tip' lAJLifi .B -JJlLJ\ ijgtii 



a = sup L 

.a = 'm£B jSJ-trj* 

^jJ^xeB Jfd**W utixeB &Jr y<x ^ y <=S 

S Ay uui j*\ Of .JlpS^ SjlJL. ^ L 0^ dJil .is an w/>/>er o/L - 

.a <l*~J * S J supremum ^ dlis* L^J* UJ» J- 




.a el Oii.xeS J<Ja<x Ot ^ 0? 

£_J li^u^ a oi£*- «P 01 o^i*^ t a<P 0\T\3t 
LLLaUi^ a ^/ii^ -P>a OiTiii A « eI 

.a = inf 5 £>t ^ tJL» Of . (3 > a OlT »i| diiiT c-J p j&j <B 

Fields J 

addition ^ <0*U* jF i*yJ-\ j* : J*^ " ^ 

(A) 'yieW axioms Jfl-i o^." gJij .multiplication 

(D) j (M) 



addition for Axiom 1 ^ ( A ) 



• F 4& x + y Ujup ; y e F jieF OlT >3J (Al) 



. x,.y e F x + v = .y + a: 



: :Addition is commutative (A2) 



& JK* + ;0+* = * + O' + *) '.Addition is associative ^ (A3) 

.x,v,z eF 

.xeF ^Jr 0+x = x ^Ji> F tfj* (A4) 

-x eF \j-a* xeF J^l (A5) 

x + (-x) = 




Axioms for multiplication OjJaJt OL^jJj (M) 
.F j&xy 14 J*»l^ Oli Iajup <>> eF j x eFOlf iij (Ml) 
£r«Jr xy = :MuItiplication is commutative 4 la 0^ ^j-^ 1 (M2) 

.x,y gF 

£?Jr (xy)z = x(yz) :MultipIication is associative ^v**^ (M3) 

eF 

. x e F jjJr lx = x 1 * ^rtt^Ji ^ F '**yJe\ 4f*- 
£>f d-^ - e F di3UA i>p Ujlp t x * j x e F Olf lii (M5) 




x 



x-(l/x) = l 



The distributive law «3>dt ^ (D) 



x(y + z) = xy + xz 



.x,y,zzF ^Jr JlaUli jfrttf 



x - >>,— , x + ,y + z, xyz, x 2 , x 3 ,2x,3x, . . . 

y 



x + (-y),x- —\,(x + y) + z,(xy)z>xx,xxx,x + x,x + x + x,„. . 

.Ji- ^ Q OiJ .Vj-^'j t**" 1 ^s 1 ** 3 JjNll fJ«Ali 

(tf j*i Vjs* oi/ y V jf) c^i l-i Joi f taf ^ ^1 ^ (^) 



LL-y-l itJLfrSU A^-Jl* S-5U 8 y 1*1 yl J) r Is* *i U^S b»L,s X)l»- Jj 5 JiJ-l 

.IjTJli aLtf^J dDJtfj 



.y = z Op LtJ^fi x + y = x + z Otf til (?) 
.y = t>/J x + y = x OlS" tij 

. y = -x Op x + y = Olf til (£) 

.-(-x) = x (i) 

lp\ J* ^jj(u) ott .cancellation law ttjJli 6 



.(A 5 ) -J a-J^. * sr sJ» j-* J**J (£) <(A«) J j>r*t g^i r** 5 ' 

(A) ol^oJi » x + 3/ = x + z £>iT lij icJlAjJl 

j/ = + j' = (-x + x) + >' = -x + (x + ;y) 

= -x + (x + z) = (-x + X) + Z = 4- z = z. 



• (c) J- 8 ^ 1 <*) 

.4,-?/ c/jU// J/ V /-^ : jM S 1 1 

. y = z Oli Iamp xy -xzj x * 4lT (?) 



= 1 Op UtMfi xy = xjx*0 OlS'tii (*->) 
.y = \/x lAJrf xy = 1 j x * tftf'/i/ (£) 
. 1 / (1 / x) = x <J/f ^OiJlf Aiy (i) 



,0x = (i) 

. xy * Op Uj^fi y * Oj x * tJtf'/i,/ (cj) 

. (-x),v = -(xy) = x(-y) (g) 

.(-x)(-y) = xy (a) 



Yi - 



14 



0) Olj cOx = Ob (t-J)U j>* 




.Ox + Ox = (0 + 0)x = Ox 



Oi 




1 = 


-1 






f-1 
















Vx/ 



= 0, 




( ) Oil >t yaiLJ lOAj 



(-x).y + xy = (-x + x)y = 0>> = 0, 



(-*X->0 



[-(xy)] = xy 



^ y>4&}F j^ / j» oriera? //eta ^Jl J3J-I '.lMj* W ^ 

(ordered set &y 4fij^cJj^\ 



iy<z j x,.y,z eF Otf" lit x + y<x+z (i) 
.v>0 j x>0 iy gF'x sF OlT lii xy>0 (ii) 



lJL» x 0\j cx < OlT lii .< positive Lry x ^*-J ^ <x > ttlf tij 



.negative 



. ejy Ji*- ^ Q t Jbli J~- ^ 

^ oyaJl : <-Jy Jfc- jJu ObLsll £• j-»Us)l J iijyil ^P\jH\ 



...£l t gu ii£t Of ^ 'Si g> cObLdl L^J] ^ [iJu] ory OL*T 

.OPl jill dJUh j^u Jj^t y]l jjJ 





'// <-x < ^ x > t)fT/i; ( i ) 



. xy < xz Otiy<zjx>0 Otf lij (^) 
. xy > xz Oji y <zj x < Otf lij (^) 

. 1 > i^j^-l^jJ^J -x 2 > x * OlT HI (a) 

.0<1/>-<1/x Oji0<x<y OlflsJ(-») 




\ 



Oti x<0 Oi lii .-x<0 i±A!JU <0 = -x + x>-;c + Ol» x>0 OlT \ii (I) 

.(() UAj .-x>0 O^dUJJ cO = -X+X<-X + 

OtidUoJ cx(z-.y)>0 Oil iz-y>y-y = Oli tZ >>> o! ifi (^) 



xz = x (z - >>) + xy > + xy = xy 





= (-x)(z-jO>0, 
.xz<xv cx(z-^)<0 O^dlUJ 



4 *<0 Otf \ii .x 2 >0 V ^ J^eli ( m ) Ji ^ '*>0 OlT lij (a) 

. 1 = 1 2 ,1 > Of U .(a) 



.1/joOOit = 1> .>>v<0 0£ t v<0j >>>0 OlTiiK-*) 

A/y<l/x OtJ* J^Ui^«(l/xXl/^) 

The Real Field 1 1 

.J^ili iJu> j*yr (c« ^Ji existence theorem ^ jsf ^j*- 4 ^* ^j*" 



jJaJ ujup t R J cJ^aJlj ^Jri ogu* Oij QcR 0( #s V^i «^ *1 

Oti iCijii ^-jLtjt JU-J' ^ oLUJi g» jjUki Up <Q sete J* 

. R J LfrjA jj>\* .a orjii 4~~Ji aiopty 



.rea/ numbers LL5^\ lUfi fyl R 

J «uai^ UlS dUJdj siUlAj Jaw Jjjt i>\Aj> j* \^ i\ hJtjl\ Q\*j> Of 

Q ja R construct (0j&) JUjj OUjJl 0£ iU^i Jj .JjSft J-aiU J^ 4 





archimedean property -J 4-*4>j V (f) £_>Ji ^ ji^ u gi* 



JT : R J rfense (!/ y) <Z44*~ Q Ol) (^) f >)i ^ Jjfii j&Lj . of R 

:0lAjJf 



J bjis- uJ c~J a-xjca-x<oc <x > 01 u: .a = sup/4 .R 4 

Oj^i-i Ujlp j^ij .m Ji* Vrjii is^wJi 3 up Si a-x <mx Oil ./I 

* * * * * 
n L*ry l*^u* iwp ( i ) f^iJj t^y - x > Old < y 01 (u) 

n(y - x) > 1 . 



U jj^ . /n 2 > -/re 



?« 2 <nx <m x . 



(-w 2 <m<m x w £s?w ^ Jrji Oil 



rax </« < l + nx <ny. 



■ 



x < — < ^ 



.p = m/n 0j& Uxp <( lo» 0\ 

i s i^-\ aueSU Oy orjoJ existence e 0*ii 





. vf < ^ 0( J* Jo: < >>, < j> 2 



cjit lii . / " < x t^fit w*-' & E ^ 




E j u eE 0\> diji J" <t<x 0i\ .0<t<\ f = x/(l + x) 



.y = sup£ ajr; ,> UJ» J-»J ^ ^ Oij .£ -J 
.jtfU J! a j» / > * j / < x ««iUi ^ OU J>- / = x Of cAjJj 



2," -a" ^ri-aXi"- 1 +ft' , - 2 a+...+a'' _1 ) 



4 * 



6" -a" <(b-a)nb 



n-\ 



.0<a <b j£ U 



^ < /* < 1 . j/ rt < * & JejxA 



A < 



«( V + 1) 



Uj^p .b = y + h <.a - y 

(j; + h) n - y" < hn(y + h)"^ < hn{y + l)"" 1 < x - y" 
0_jT jai\si lJu» Ol» <_y+/?>_y Of Ifi + s£ j '(> , + A) n <x Oli dUJLl 



.2? J UjIp iOi ^ 



Of gaa-j ^ > _y - A- CJlT lij . < k < y f 



y n -t"<y n ~(y- k) n < kny nA =y"-x. 

E-l J^aJi ja y- k Of J\ ^ijj iJubj .r tE jit" >x dlJuJ 



.£ _J Jw>Vi ^jLJiJLi)! v Ojf ^wb i^JUi iy-k <y j&j 



.jlJ-I iJLa jlp ^sji JlftjJl 01 j c^y" = x Oil 



Oik ti^j* n j Cfr* y* O&V**' & JU * & J a Olf !3j :A%t~£ 



Vn .Mm. Mn 



.(aft) 1 '" =a un b 



aft = a"P" = (ap)\ 

.[ <Jijd i J (M 2 ) Mi^ 1 1 jtu^ili LU* Of tf 

Ot ilii) U_I > 4 > iiAjdl J J^U*- jll a-Tb Of 

(a6) ,/n = aP = a , V /n . 

ou* ^JL* ^3 : Decimals aUpty 1 1 t > 

.^yui! iiopSij W^ 1 

Ol Ja^*i) . 77 < X&-$ JVW AJP jvTl n Q j& \SJS> x>0 j& 



MM 



m. + — h 1- r ^ 

10 10* 



7J, 



(0) W ° + 10 + "' + 10*" (£-0,1,2,...). 

x -J $ .x = sup£ i>$ 

j (0) >\j*H\ fr* J\ E ay 0) ^ ^ 5JP ^ 

. sup£ -J £rS-l» ^ O) J a* ^ 



The Extended Real Number System 



■oo < X < +oo 



.X 



J* 



i a utf>U filth sup£ = +oo ay 




oy U-fc- x CJlT »*! ( t ) 




00 = -oo, — = — - = 0, x + oo = +oo. 

+oo —oo 



. x • (+00) = +00, x • (-00) = -00 013 X > CJlf lil (O) 



. x • (-00) = +00, x • (+00) = -00 0\j x < CJlf 131 (£) 
—00 j +00 tjiy J\j ip - M^ 1 0* d^' >^ ^ U ^ (i l 

./mite "Si jJ^" ^ W ^J* *4*f ^ 



The Complex Field 





order pair £jj ^ (complex number) JJ*Jl : tiij* Y £ t> 

u? (i,c)j (a,i) Ob ^ "Ordered" "^V ^ ^ -M^ ^> u> 

OlT Jaii lijj »ij x = y >~&> jyJ^ .y = (c,oT) a = (a, A) 

^ aJiW cM3 ^ ^i^ 1 ,Ia ^ .b = dj a = 

Jus*. .( 4~-*w*h iU*ty <u-i ^ ^ 

x + >> = (a + c,Z> + tf), 
xy = (ac - fa,a<i + be) . 

£Jf ^ lij&i &J^< *>s*Hj ^J 1 ^' ed * dj* 10 ^ 

.1 j y ^ ,(1,0) j (0,0) ^ ^/ Jj t.uaJl 



.(R _J Ji^ii^f 

.* = (*,/), .V = (c,<*),x = M) j& 

( Al ) 

.x + ^ = (a + c,Z>+^) = (c + a,J + 6) = ^ + x (A2) 

(x + jO+z = (a + c,£+tf) + (e,/) ( A3 ) 

= (a + c + e,6 + d + /) 

= (a,&) + (c + e,</ + /) 
= x + (y + z) . 

.x + = (a,*) + (0,0) = (a,6)==x (A4) 




JjSfl J— ill 



x + (_ x ) = (0,0) = Ujl* . -x = (-a -6) ( A5 ) 




^j(Ml) 

. xy = (ac - bd ,ad + be) = (ca - db,da + cb) = yx (Ml) 
(xy)z = (ac - bd, ad + bc)(e, f) ( M3 ) 

= (ace -bde-adf- bcf,acf -bdf+ade + bee) 
= (a,b)(ce - df,cf +de) = x(yz) . 

.lx = (l,0)(a,Z>) = (a,6) = x ( M4 > 
JiSi J* 4u Ob ^ ySi «(a,i) * (0,0) 0^*0 0\T ^ ( M5 ) 
,S ill \\ bLi-i ( fl 2 + 2> 2 > Oil <0 -I* & a,b 



1 



^a 2 +b 2, a 2 +b 2 J 



(1,0) = 1 . 



xCv + r) = (a,ft)(c + e,i/ + /) fl>) 

=(ac+ae-bd-bf,ad + af +bc + be) 
= (ac - bd,ad + be) + (ae-bf,af+ be) 



xy + xz 



(a,0) + (6,0) = (a + 6,0) 



(a,0)(b,0) = (ab,0). 



jar OlAjJl 



jrfLJ-i ^Ui-i ^ dUbi (a,0) ^ <^ £W\ d fcAjjli 

f ai JusluJu* Of .a -h (a,0) J« 0i 0^ dUii .a 0> ^ 

Jii-i ^ ^> Jtf-i id 

j&\ Jl SjlAj tff £>jO< ^1 ilOPSl Ui^ J Litj tfjtfJ! ^ OJ 



i = (0,l) :<Jo* TV 



.7 



1 YA 



• 2 



(0,1X0,1) = (-i,o) 



l lOUiJl 



a + hi = (a,0) + (&,0)(0,1) ' 

= (a,0) + (0,&) = (a,i) • 



# 1? b j a Oba*h .conjugate of z -J " <^*~i 



6/ 



.^i jdi ^ ^imaginary pari of z -J 0/>arf rea/ z 




I 



a = Re(z), 



b ~ Im(z). 



<z + w = z +w (I 
c rvv - z • w (<— » 



<z + z = 2Re(z),z-z = 2/'Im(z) (r 

.(2 = bj& eL^U ) <r-*j*j ySj* zz (a 

^ j iz = a + bi Oi v^*f (*) (£) '(^) '0) **** ^ 



.zz =a 2 +b 2 OU 



absolute value 4x*Jty «Vto2» bop z Olf lii :<J*J^ ft i ^ 



(zz) 



-\l/2 



x 2 Oil ix = x O^i /iJJ?- Ujip x 0/i *jL» Ja^ 

. x < OlT lil x| = -x j t x > 01^ lit x 



X! 




V* 



JjSN J— ill 



0| = <z = ^/^|z|>0 (i) 




zw 



Rez 



< 



z + w 



< 



+ 



(-*) 



a,b,c,d Ol 



0^3 Ujlp iiLi*- b\d*( 



zw> 



(ac-bd) 2 + (ad + bc) 2 = (a 2 + i 2 )(c 2 + tf 2 ) 







2 








: 





J 



1 




) 



Oil ia 2 <a 2 +b 2 iklkr'i <(X)i*jJ 



a 




< 




+ b 



.ZW +ZW 



2Re(zw) kiiiJU izw — J jiijll OU Ja*-*i t(_ ») 



Oil 



(z + w)(z + W ) = ZZ + ZW + ZW + WW 



+ 2Re(*H>) + 



< 



+ 2zw 



+ 



z 



+ 2 



z 



+ 



( 



z 



+ 



) 2 • 



*1 + X 2 + 



* * « 



+ x 



.Schwarz inequality jjlj* i*t& J/tf U ^i* k.L* aJi U» 



- r< 



n 



5>A 



7=1 



si 




t y4 




j£j j ; = 6 



# * 



n 



b x O^s <fl = CJIT lij .(«,...,! p-iJi y j OU^ 





5a 



Cb 



^(Baj-Cb^Baj-Cbj) 



b 2 Y 



a 



BC^bj-BC^A+lcfY 



b 



B 2 A-BC 



B(AB 



C| 2 ). 



i2 



5(^5- C )>0 . 



.Jj jM\ ht^s jjb oJUj . AB - \C\ > Oi J( ^ijj dUi 0\J t £ > Of U: 



Euclidean Spaces koJSVi Ot&Usi,' 



^-tuples iJm 



X 



. coordinates of x -J ^UlU^^I ^jj ^LsJ^ bi*i*i x V) 



Ujlp ^j^ai-i ivectors <S>lfxdl j\ ^points JpULJI R k 




j = (>' 1 ,...,>' Jt ) y £Jirtij .ssU-Ji oipdi Ji >u Jj- .* > : 

^? tULS*- bop a 



x + y=(x, +>»„..., x t +y k ), 
ax = (ax.,...,ax jt ) 




a vector space over the ( J^ t J^ 1 ^ *W tUisj R k & J*£j .(i-liJ-i 

.0 liLiiJb*) ^Jij cO ikUi j* (null vector 
jf) "1/1/ier product" " ( ^UljJl L^jjJl J+elr" U jjOmsj Uuj fj& 



sca/ar product of y & x — i jt <-*>s&Jl J+el** 



xy 



1=1 




(x-x) 



1/2 



(I ) 



1/2 



1 



( otApf jUllj JbHOll SrV 1 ^ J-^W R^i^il *UiJl) Cfti 5Jb- 01 

. (euclidean k - space) LfJ~li)h k —pUaafl 




x| > (f) 



OlfJtai Ujj tij |x| = 



ax 



a 



x 



xy 



< 



x 



y 



x + y <|x|+ y (— *) 



x - z 



< 



x-y 



+ y 




0) 



x + y 



(x + y)'(x + y) 

x-x + 2x-y + y-y 



< 



x 



+ 2lx 



y + y 



( 



xl + 



y) 2 , 



4^.1 fruit j ^uLubfcll jl JL^if I ^ ^IcLL* 



y-z— >y j 



Jzst-I j) dine Ja^l( "i-Lfr-\ z\js>H\ <Ji iPj^ri) R 1 U Ulp 



jf (plane ^ys-J/ l _ J «—J R 2 cip' <i& ^la) I cr^J 



I 



jUli jull^ gyU J .(f^ t^j tl ^ JuycJ! Ojli) complex plane 



Appendix Jf*"^ 



1 * 

.oijkr Sop sAJi \iA 



Q iJ^jii c— J a (I) 



. # ea iq < p j iq <=Q < /? ea til (II) 

,r J**l p<r tp ea cjlf \s\ (EE) 



u-> juw ( n ) Uirf ' Jjjfi ij-aiP dULu: "j a tii <i! ^u-j j;Jsj (III) at Ja*-*i 



. p < q q £<x j p ea CJIS* lij 



. p _J Vjjp ^ a :£>f ^ " a < " : T 3 jbiM 



J&l J— AW 



ls.yJr U*iJ\ iJ>i **jJr\) .a<y Ot^ijJi^ p<y j a<(3 cj 

^ a^u til. W ^» «»u -(y** s?* 




a<B,a = P,3<a 



^ /> ea dUl* Jbrji £>i| -M Vj* c-J a ^ ^ H C^j^ 

R<a :Ot< ga-J ^ * P 5t a cMlc .pea 0^ diiiJ . ( m ) -J bis-.' 



■y* 6H\ ^ R diJiJ 



\ 



rty 



peR oL^j.R -J^>^>^^0^ ^ ^ 

Jdii bjj \h\p ey W ^ 3^ .a eA &± i>& Y ^ ^ 

= sup^ dU-iTj y eR -a ^ i?ea cjiT 



Y 



y a -Ji »*» .a e-4 dAJta *rji ^ ^ 



*Qd^dUij<(ae,4 acP ill?) ycP <W .M* ^ Y <a <=Y 




t (m)j (n) ^ (i) 




ji^i (? \ii .( n ) g ey f ea i w <i<p 

(m)j^ y 0^dJij«(a, cy 0f<^-) rey ol» U j^i 



45 ey 



.ye R OiJ 

.asv4 J# a<y £>t 

.A _J UjIp W c-J 5 j i8 < a Oil . a e A J**l s ea 



y = sup .4 :i>f of 



.sePj r ea t-^- ir + s gj* 



lit 



0* Ol £->ljll .iJLJl A.,....,.;.! I ilJLftSl j»-iaJ ^Jl i*^l Oj£s) 0* Cjfj 



.0 '/ jjJO* 

j* ijyr ^ a + p Oi^ijJij* .^W,/ a + 3 Of jui Of Up (Al) 
_I atjU^i ^j* r ' + s' >r + s 0V» Ujlp .5' gp ,r' ga . Q -J SJl>- 



i-oUH dLL£ a + 6 Ol* dJUi ^ Jju-o .r' + j' ga + p Oij dJil .sep <r ea 



■CO 



49 < pcitf lii .s ep *r ea *^ </? = r + .y oy' ^J-* ./? ea + P jtsi 



.j«*sJ (II) Oil -Q - (q~s) + s ea + Pj iq-s <=a Olj dUa) <.q-s <r 0y 



ji«J (HI) Oil ./ + j ea + P j p < / + j 0^» Iao* . / >r f sa jb* 



Ji bUi-i .s ep ea ^ </-+5 ^ p-ai ^ ^ a + P (A2) 

.a + P = P + a 0ij<seQ ireQ 



. Q J Ojiti ^ dUi Jjs-j cfi 1 ^ \ UT (A3) 

OVi JJaJ .r + sea 03j tr + 5<r0^ cseO* j rea^lT lij (A4) 



a 




• aca + 0* OiJ o = r + (^-r) ea + 0* j <p-r eO* Oil .r>£ 



. a + 0* = a 0l{ li* ^ 



i,*uM dU=£ ^Ji p _!i *Jr |HaI ^1 l*yJr\ p .a R iOs- (A5) 



p-r ga r > dML*Jjrjj 

.a J*JJ *i -p j* >^ ^w-^ 1 J 53 ** 

.a + p = 0* pe R 



c~J pO^JU.^ep Oil i-p-\ ea 0^ 4 /? = -s-lj.sga CJlT lit 

.(I) jtf p Oil .R* Q 0i»dUiJ .-9 O^tq ea CJlT lii .iJl> 



oy' <.q<p£J\s lii .-p-r£a r>0 j '/?eP fj* 5 



jj» .j2s*si q <=$ Oli taij .-q-rta Oil t-q-r>-p-r 

Oit .f ep Op dlUJ i-t-(r ll) = -p-r gaj^>p Oit .t = p + (r/2) 

(Hi) p 

Op dDJU .r + .s< <r <-£ Oil <- j ga Op <s ep j rea CJlT lij 

.a + pcO* 

t w>0 Oil .w = -v/2 £J? <vgO* jb>4 <cr S"uil (^cjaiJl i*j>iJ 

Of tf t^eP Oil ./j = -(/i + 2)w -(^A^/lH i-*WJJ Q iWsrt 

v = nw + p ect + P .ji-p-wga 

.0*ca + p OpdAUJ 

.a + p = 0* Ob. gz-i 
<> d^yisil (A ) ob^dJi jfcs i ijld-t J *J&\ Ob b*^ of a*< : © 5 jlaiM 

i a + P<a + y ^'P<Y j Ra,p,y e cJiT /iy 

IjjJ Olf lij ca + Pca + y Ob R J + — Ji d^/» gJ»ijJi ^ ^ 
.p = y Of Uj» Jj* ( U ) <JJbM O^ilS Op <a + p = a + Y 

.-a<0* OlT Jiis liij \i\ a>0* OfJ^Uuj J^j 

fcfi JjaUJb b~*£ iJL^Liu Uils Jl toA .br^ Cijfj CfJl* &-~J juSJ* <~>j& 

.a>0* £-»-Ra <^ »R* 

p jr^w^i Sp^i j&J a p u± up t R + p ej R + a cjiT \ij 
j^cJ 1* aa* .5>0,r>0 j seP , rea —I oijb^Hi ^s*-) /?<.sr 



.1 _// a^/) <F 

*t dU iJ t 3 ^ki-b J„ ,flHb f o3 <£Uh Ola jdJ ^LL* diJi Ola jJl 01 



.ap>0* 0£ p>0* j a>0* 

dUaSj <aO* = 0*a = 0* Vj^i J^O* : V 3jk£-l 



(^a)(-P) P<0*ja<0*, cJ^ iil 

-[(-a)P] p>0* ja<0*. cJtf I SI 



-[a-(-p)] p <0* J a >0». oJlT lit 



OLiJ ilL^ Cj*-^? t R + J jajcj ( M ) OL^jjJ\ Ob (\ i jkM J)LsJ? Of Jjo 

.(0 ojfasM £?rb)^ * 4 ^ 



gjjsil OjilS OlA^ of 



a (p-f y) = aP + ay 



cp<0* <a >0* of ^^iJ tjisli J*-. J* .o^b- 5^ p-iy 

jjtf Of ifti <JjS uf IC) j « y = (p + y) + (-P) £>p . p + y > * 

( R* J ji^. 



ay = a (P + y ) + a -(-0) . 



Ol>dLU) . a -(-3 ) = -(aP ) cA> 



aP + ay = a(P + y). 



.jjLs^i (^jJjJi J-ili dJu i-jjA if Rod OIajJi 0)[i LUff 



& .p<r <±-£ p g Q j» Jik ^\ r* **yJr\ Qrs j^c^' :A Sjlai- 
:2^Ji ol£>U!l Abijjji oJLa ja* . R r* e «0f <^f scut *M y> r * JS* 01 j-fi^J 



,r*+s* = (r + s)* C) 
ir *s* = (rs)* M 
. r < 5 Ju* ^ r* < s * (^) 

Oh\.v<s ^u<r ±^l P = u + v i>\}\*x* .per*+s* M c(i) i*»jJ 

./? e(r +5)* 0\ ^ t p < r + 5 

^jaj <.2t = r + 




r'~r-t , j' = 5-f. 



*<5* OiH r?r* j&j tr es* 0^9 r<5 



1 Jut 01 



Oil cr^^<5 Oilier* ^pe5*dUL»^>» t r*<5* £>iT lij 



* 



.r < 5 



g^r j ti%* r ^ ftfjSi Ju*-i a J uikrn : * ojW- 



^ j ^ ( s^jdij 0^ ^ u^-' A ^ H 



^ oL ^ ^ ^ J** ^ ^ ^ ^ *^ ^ 




- Thurston js->jij Landau jJj^U «ri JLi J j^jTili juL&t £M 



Knopp cJlsf JjSl J-^ill fJij .^Upty Obi^Ib £ US* *jj«flj 



5~-Ji atop^U Cauchy sequences ^> £ oUl=i Aji ^u-f ^ J,*- 

j Hewitt o ^-a i^l^T ,y *lJ\ J 3 j^TJu Uijai\ ojla (dJlih J^aiJi «rU) 

.Stroma erg ^j. p jj^* 
.Dedekind ju&^ JJ ja La ULL*u-i ^Ji Q j 

jjsjlT .Cantor jjatf' -1 OLibu aUA^b Q j« R *b J JjaiJl 
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EXERCISES jtj& 



-1 



.a<(3 0( ja^ £ _J tfjWi aJh ^ 




- ^ j^al .Ja^H\ j* 5^ j lA^-i y'^v- j* A c 

tiJ*J*jt ■* ej4 ^ <-x i\J^i\ J 



inf A = -sup (- 4) • 



<.r = mln = pi q j <<? > , n>0 



.b>l 

Jiopi q,p,n,m CJlT lit (t) 




m 




\!q 



(*") 



ft r ft* £)l ^ (V) 



b r = sup 2?(r) 

JujS XA\ j» Oil . W-» ^ /" 



ft 



sup2J(x) 



JJij <ft 




1 



V 



6 ^UyJ y pZJjifijlj x Mali lift ^Jb) .Jyftl £j\ iUSo 

. (logarithm of y to the base b 




l/n 



1) Oil (v) 



i 1/n </ in >(b-\)/(t-Y) jt>\ cj\T»ii(r) 



w+(l/n) 



< ,y 0l» < 6 W < y &i w CJlT lii o) 




x = sup ^4 Of t & 



<y t»-* w 




.6 



y J" 1 - 



. x -J ii» 5,31 Jj-j ,> ^ (j) 



<-**?jdl j I dexicographic order ^jsttJl 



dictionary order 




I 



i^P -1 

id<c cjiT z<w 0( jPjti .w = c + di , z-a-^bi Of ^jsif -H 
p-ar Z»j^t Jyi lift Of JLp ^ .A <</ j^lj a = c CJlT til dlUTj 



a 



w 



\ 1/2 



2 



w 



u 



1/2 



2 ; 





l . v < CJlT lil ( z ) 2 = w Dbj v > CJlf til z 2 =w Of ^ ^ 



^ z cMt>* rjW ^ .2 



Of 



1 



* • 



< 



1 



+ 



+ ••• + 



n 



Of | JLp c^jjiip bu^t yjx CulS* lii — ^ f 



< 



1 vi-£ Ujlap bap z Olf b| - > i 



1+2 



+ 



1-z 



l» ^ r > t j R 



= </>0«x,yei^3 t^^ 1 — > % 



x-y 



z- x 



z-y 



? 1 it 2 >a * Otf lit oijUJi «JL* ja« Of ^ ci/ 



x + y 



+ 



x-y 



2 



+2y 

! 



R 




R 



fc>2 0\T til -U 



? Jt = l OlT lii 0» > . x • y = 
^r>0 jc R* Jbrjf.beR* «aeR* Of^-M 



x-a 



2x-b 



X- c 



r ■> 



3lf ia£d lijj lit 



.(3c = 4b-a,3r = 2|b-a|) 



*0 (A 4) (Al) OL^oJi ja* ^Jri Olj t >*ty tfjUl 

.jiwa *i (A 5) Oij ( ! >-flU ija 





Basic Topolyogy 



Finite, Countable, And Uncountable Sets 



ji jtjMj) B&A ^function SJb uL / j J\* .f(x) «J yj ^ 

£>( W J j2ij) domain ©//-I J^/M ^ .(£ J /I mapping jj* 



f^J ^ ^ J\ /-J ^ fix) ^ <A Jfi Ujm/ 

.range of f — J 

d\ /^a* ^ f(A) ty> J\ »0A J fcJ- E -J image ijj**/' /(£) 



(bii>jJjJA jj* (AH*)/ ' Jj* ^ if(A) = B cjiT tit .f(A)cB 




lii ./c^ inverse imaee -J ^ •/(*) &E 

dUi a* jdi .B jA-J one - to- one f^yL^) (JfljS ^J) 1 - 1 



. x 2 g ^ , x, c Xj * x 2 



u^j Up dJJi ji^r-^ ^* 2 .}Xi ^ *i ^ ^ 



(X, — x 2 



i)&y\t ^ Jji up .onto B d?A -J 1 - 1 J^" ^ OiT si i '-^j* 3 ? ^ 
jijjzfyl ^ii ol^Ju: £ j y4 o! j correspondence 11 1-1 {/^J ^ t^J 

^ ^Soj equivalent &i\&*B j i4 Ot jU^-U / cardinal number 4J*?yl 

A~A \ reflexive 2^l£*il\i\ 
B ~A 013 ;/l ~ 2? CJlT lij : symmetric Sj&lx* ^; 



.CM ~ Op t B ~ C j /4 ~2? cjiT lij : transitive ij&il lij 
.equivalence relation Ut&Z*> ^ Sttsli «i» ^ s *W* <^ &1 



iPjUii ap^i ^ ) « ,i«J ~ J, i cjiT til /mite Of ( f ) 



.8^ j& (1 ii> m/znite ( itf* j& ) Oi (^) 

.4 ~JcjiT ii\ countable J*U MfliA Of (^) 

.a*U ibli ^ j /4 j£ jl uncountable JjdJ ZLti ' j*A Of (a) 
,! i^i* cjiT lii a f mosf countable J*U ZL J ^ify I ^ A Of 



.denumerable jf enumerable J*U ^ OL»Si ja* J 



B j A CJIT Jail \b\A ~Bo\ iB j A &-pj> c#*y4 

.0*1) SJuVi ^1 O^J UJ^* .AXs^l iU*Sl fc? f& ^\ l£-yJr\ A I Jli* cY 



: 1-1 iL»t jA dj& ^\ A <^\J j*f ^JioJ <UL^ paii Of < Jlili \JLa J c^Ja^J 



/(») 



- ( ^JJ «), 



proper subset of A — 1 <M*i i-far / V 



^ /I a*j*#l : i-J^I SjUJU (O) t t Y (Jijuall JlJU-l ^ata-J UiJ igjljll J 

.U*ih JJuVl lilt A CJlT »i» I* yjt 



<£jj. ^\Ji* J* Si jA\f2}\j}\ (sequence "Vbdl/ Lit : dbytf V 1 1 



^ ,/,>J Of X^X^Xj,.... 0^1 ^ J jf t {x n } j^/yisll Ji 

x n cjiTj ,4 CJlT lit .JJbdi terms JjJf ^»bOi 

/i — ' j^LmJI aJIzl* jf (sequence in A (J 4Jbd\ tx n ) Ojj i«e7 

. sequence of elements of 



.(ij***) iils* 0j& OS ^ ^ i 9 Ha*Ux 1 ,x 2 ,x 3 ,....Aj^ of 

Of ^Jas-J Lu^ J J^ii J±\ 1-1 AitjJ t^-dt (J» JbJj 4L13 Of U 



/sequence 

: yis* a'/ .5>a' W 

e£ ^ « k _, J^' 5ap ^ ' () * ' ' 2 ' 3 ' 4 ' 



jj £ a 1 . 1 JUUy > U|> • • .* =1,2,3, ( /(*) = 




£ a U <^ associated *»a 
^ s HM) ■ {E a } y> a E j\ ?r« 

.family of sets Uf I* / 'collection of sets 

S l*jJr\i E a olP^i union ^j* 
y)\ fj*s-i .5aH) aeA $i\ J* x e£ a 




0) 




n 



(1) 



S = \JE 



m 

* 

\ 



J 



(T) S = E l u£ 2 w-u£„ 



00 



(£) S = \JE 



m 



t +00 , - 00 (^ij* jJl JaJ^s *ll 01 t-Jij 



lijj tit x e P P j^i 4iL £ a oip ^t**!) intersection *u?\Jisil^+i 



\ 



n 



O) P = r\E m =E ] nE 2 n.-T^E„, 



J 



00 



(V) ^ = fX> 



ffi=l 



.disjoint 05LojL* Uili dUJU intersect 




Oli Ua* .2 , 3, 4 & JiJb- £ 2 j 1 , 2 , 3 Jila Ej Of ^ fit (I) 



.2 ,3 ^ uUts £ . n£, d , 2 , 3 , 4 JUk £, u£. 



iieyi Jfl .0 <x<l jc Ms^l a^Si p-V <$it '*»yJr\ A £A (^) 



<0Vi ux* .0<j><x d-^^SJ^i au*ty £ x j^sl 

i < x < z < 1 i>lT Jms lijj til E x aE 2 ( i ) 

i \]E X = E\ ( " ) 



cjiT lit _y g£ x cO <>> -uf Jw-^i t (iii) .»a*r S^w»ij (ii) j (i) 



of 





(^U5)uc=^u(5uc); (AnB)nc=AD(Bnc) 

•0) J 0") ^ i/j^' ^ JJS4 ^ ^ 



.At jslt J* C F}E — t • ) afy j^i J r*^ s cii 

x eC jt x eB t of ^t tx e J3UC j x Oti - xeE Of 

O^idUiJ .x gF Of iJubj a e^nC jt x e^fl^ Oil .(U^-IT J jJU-t j*) 

t 0f tff .x e^flC jt x g^(15 0\i Ujlp .x eF 0( ^/ii t yuJi S^y-i 



.FczF 0/jdJJaJ «x e^flCBUC) Oil .x eMJCj a 

.£ = ^01 dUij* «a-J 



OS) AczAijB , 



op t yuM ipj^t aj yj. o -Jt oir tit 



0T) A{J0 = A, ^no = o. 



Oli ti 4 cfl CJlf tit 



(U) ^U5 = J5, ,405 = ^ . 

tjMli Uitili yta> ,n = \2X... '{E n } j& ikAj* \V it 



00 



.JxUiblfS Olf UbJLfi 




(^) 




* * 



fr 1 4 



4 * * 



• ♦ * 



i^cS 01 le .( A 4 Y 2j» jvil) Ji*iJ JJblS J* ^ S & 5 ~ 




.a*l] ^li ^ dU.il j < VW'i 5 t^uty £, j 




.jifty Jfi JjdJ ibJ B a <aeA J&j < jtrtlt J* ^ i^li^A Of jry* 



T - [jB 0i . 



^L*// 4^ J/' Jjj^/V crr^ <(* = 1,...,") a k gA 4V- <(#!,.. .,#„) 4^ 



.-^ ifctf B„ OU Iajl* .ijg** a ] ,...,a n 
j*1J ibtf 0( .B x = A J^h £>f d-^ :0UfcjJl 
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fl\ j£siit ^Up 0£ Ujlp .) . . .2,3,4, ( « 



( >A) (i,a) (beB^aeA) . 



kiili) .juil ILlS ^ Oil ^ -J Jj^' ^ °^ s5i<l * b ^ 

0^3 ^ Y <Y 4*jyJJ blsu-l .0*11 SLlS ^ 0*U Ub 13 AP j^t al£*jlt ^ Z?„ 0^ 

. JL»JJ 2113 

Oj& r ^ iJ^ Of i^Xj </t = 2 J**^r t <t 



jj-^t dUJU UJj t (cr,i) ^ijjSH Xp^ Of aUff bj a ^ Ma 



.1,0,0,1,0,1,1,1,... -J oUbdl ^4 ^Lp 01 



^ y.r.M.i .U*3 4Jj*r ^ ^4 J a*U 2Jjli Vj*r OU 01 



iJL»j c4 -J Vjjp iP^ ,4 & diJi 0*i) >ui) UjlS y /I Of dUi 

« jk*- ^ j tCantor's j>y^ Ji ^ «y s ^*' OUjJi j/j cumwI 
t(^) J 4 * ^i*^.^.- ^^^^ J'-M-- 1 (? lij ^iji ^.^l jj^J^ 



• J* ^ Y ^/USi) LLaJ-i ^jlpSU ^UsJi JjusJi ^ OjJtlkU *\Jl\ 01 



Metric Spaces oUUai 

*Lai li Jii ^points H ^l£i M Ia^Lp j**—^ ^ <X i*jJr\ :u2^*J^ © c Y 

4 4 4 % 

^ y bo* X J q j p&k& i£*i \h\ metric space 




i d(p,p) = i p 9fc # CJlT lii > (I) 



4 d{p,q) = d(q,p) O-O 
.d(p,q)<d(p,r) + d(r,q) , V r gI (r) 



4? »a// j> function distance &LJl ifb iS *~3 >i dLU; lib i>\ 



.metric 



U: R* UlJLi 

(H) </(x,y) = |x-y| (x,yeR*) 



ji/-^ -i4j* tUti ^jdil tUsii Vjsr JiT Op dUJJ 

Li-^M ^^^i ^ ^ i^j^i (a,Z?) segment JjusJuU ^uaiJ 1 V cT 

.a < x < £ ^~£x 



z\J*H\ f& ^\ *s>yJr\ [a,b] interval SjsdfU wUtli 



m < x < b 



, "half-open intervals" ip-jz&A aLaJ) oi^xiJf <ob^ ^ 



* JT Uib ^lili *a < x < b x JT j* Jtk Jj*Si ; (a,*] j [a,b) 



.a <x<b 




zr * 



^ J\ i*yJr\ o$ <i = l,...,k -J a, <b, cjiT til 



(l</<£) a,. <*,.<£,. obLi! liLJU^i ji* ^Jij R* ^ x = (x„...,x t ) 
JJa^ ^ 2 - U±\aj* ^ 1- yi-i i>$ siJLSJU .( ft- ce//) k - i^l^s 

■V 



. . . t 



or ) (iiUil j\) open i^jsali ball Sj&l 01* ir > j x e R* CJtf li) 

: y g R* ^jHW^i^^trUjUci^jxJ^iajTygft^JijB (dosed 




( 



sir tii convex e 



y-x 



< r 



R 



Xx + ( 1-X)ye£ 



.0<X<1 ,y e£ ,x e£ OlT UT 



1 ^ 



0l» <0<X<1 , |z-xj<r, 



A,y + (1- A,)z-x 



y-x 



< r 



*,(y-x) + (l-X)(z-x) 
< X |y - x| + (1 - X )|z - x| < X r + (1 - X )r 



r. 



k Of tfy Oi J^-Ji ja tip ci^Ji Lr Mj .UUli cjijfli jiaj OUjJi ^j* 



^ audi s^iii oip^ij j»ul)i of .iji* itui :uL»ytf1 A it 



£s* 0-* ^/-(p) **j*sj;i ^ /> 2JslUU neighborhood Of (f) 



- «A 



www.alkottob.com 



.radius ofN r (p) -J <J^r .d{p,q) <r £~£qb\lA\ 



jr? Ol£ LajL* i£ _! kip ik£j C. ... J p j p sE CJlT li! (^) 



.isolated point ofE-J 
E J Aki ^ £ _J Iu> Uui JT CJlT til closed UUsteyJ-E (>) 




p -J N j\jpt dDt* Otf lij £ J interior 1Mb *±2i ^ p (_») 



£ J 5Jbt 10 ttrt ^ £" J Akii JT cjiT lij open «fr->s£ lsy4- E (j) 



JjliJi ^ ^ ^. (j» (£" c li j*^) complement of E — ! (j) 



3j> ikai ^ E ,ja Alais JT CJlTj £ CJlT lij perfect i>ti'i£>y>£E (r) 



EJ 



L^s q e X Aki j M dUu Olf lij bounded SjlJa ap ^ £ (J?) 



./?e£ d(p,q)<M 

-J i> ikai ^ X J* l& ^ 4kfi JT CJlT lij X J </e/we i%sT£ (^) 




d(p,q) = r-h . 



s) < d(j), q) + d(q, s)<r-h + h = r, 



E -J Ustii Akei q diloJ .s eE 





r Jf 0$ £ 2fij***M lie ik&p CJlf lij :k* t » c t 



r = min </(/), g w ) 

l<m<n 



jjIp 2jaij C» J 



jj ,a * p t^-.E j>q&&~4 N r (p) ^ 

1 iT - 



7 



4rf 



) 



(ah \ l*k&\ 



/R 2 J& ,ail \ chJM 



JjjJri ;r-i .R 1 — J Vj* ol*j*# (3) j (-*) C^'' 1/ 4,1 



4, ?-*i&J i-JJ& 



0) 



r 






r 


Or) 








« 












(-*) 










0) 










(3) 



collection (&l*j*ri «s>tfij£i ils\e ; Wlb {E a }j& Y Y iY 

( V 

^ a ' a 

U$ ixeA CJlT li! .( Y») ctCj J ^U*)t £ j ,4 j&J :OUiJ< 



villi) .* eD£« ^'^^ e^a <« ^ * eE a Oil £ jc eM £ a 



.AczB Oti 



Oil ta x g£ a Oil <a J53x eE° O^s t * etfcJlT lit ttr &dltj 



.B = ^ Oi dUi qss~i 



^^^^ 



.iV c £ <0f tff <iJbi. £ e n# a; -J iV jij* diJLA j*^ Oi] . £*-J ^> 

flu E j <.E -J 3*b*-l3 jc 0^ Oil 

-J jijsr JSj U.x* £ e I aj> iki a: j&I .J»-jaU £ Of 3 jkM 

dUi OlJ pi» £ Of tr E -J c~J x iE c J ikai ^ ^js^r 



.^jsd4\J G a c&jzi* CJle j*£ \G^\US\h^ (?) t t it 

.UU*f\ F a iMiACJlfij^r {F a } idflbtffy (u>) 

5kii jc 0» u: .a x eG a Oli t * sG cjiT \ii .G = U a G <x t* 

.(f) \lAd\.h-j^Gj cG_J SJbUi ikoi Uij x ^ 'G a -J Usui 



,0.1 =u( 





J 





6\ Sjld»t 




r = min(r 1 ,...,r B ), 




iz = 




3 (5) 0\j tOU^ll 



(£)cr* 




i=l 



rw • 



jciJlkii JL$d>l XL? CJtf" AiUl iiftjjll ^ (i) j (jr) J t * it 



G„ 0^ UU* .(« = 1,2,3,.. ) 



1 1 



v n nJ 



M G„ j& Jteh Jw-» **** 



closure ofE-J JXvi Ujup <X $ £ — J *ittJi ^ ^ i* ^ J 

.£ = EVE' "**yJr\ J* E 



OjitEdX jdjs* l*U*iX CJlfljj :kAjJ> tV it 

E CJlf Jui lijj Hj E-E (<->) 



icF c^FcZ UU» it j*? J<t E a F (r) 





smallest closed subset of AT— I -Eito -t*/*^ t£ ;(£) j (?) Jl 

: JlArJ 



.Aik* £ Oil .3»- ji«£ -J I 0^ dliJJ J? A^li S jljsr ilUsC /; 0i; 



0^9 cUlfc £ CJlT lil .Sil*» E & J* (\) j* Joa-j t £ - £ CJlT lil (o) 



.£ = £ oil t [ rn t Y j (i) ^A <y o>a^ fcis-d £' c£ 



Oli dDiT . £ z> £ ' 0ii<£z>£' 0l»UjLP t £z>£ j SiU* £ CJlT lil (r ) 



y j&S .J&ty j* S+j* L&jJ-l JlJiety Lib*- & E j& '.hstjj Y A c Y 

.i£ii*£ CJlflil y gE Oil .y eE Oji L»Mfi = sup £ 

j^-y Ujlp A>0 .>>g£ Of ^>±J .;ye£ y e£ cj\T lil OlAjO' 



. y e£ Oil .£_! h\i iiaiiy Olj diJiJ .£ 



£ 01 Jjii -iji* UUi A"vl^r (£c7cl Of ^.sii t^ it 





rlij L*ry bJLfr dUUA jje£ &£i j£j <uf ^ dUi Oli AT J 3*-_pw v'jr 
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jlJ\ ) u^«i .q gE Of 0*iJb q g X , d(p,q) <r 

j£j .F J*JJ cJji» ^ Ui UJ 0\s diil /Uji* '^Ui W ^ F ol (U tY 



Olf lii ope/i relative ofY-J Lf~j 4^jsju E Of JiJ tikiJi fli* ^ >*a^ j 



.q eY j d(p,q)<r cJlTuiT ^e£ ii-4«d^r>0 dJUta p eE 



Vjsr Oj& Of OjJb F— 1 W-i S*- jsiu j& Ji it ja^I OU. (j) Y > t Y Jlill 

.0^1 lA jf JL-t ((hrA&t 90A Jkf-J JW* dllL* .X— I ^JSA* 

UjY-Ji^J^j^ Y -JE Ifj^i ifij^i .YaX T » it 



.X-JGb-jzili VmLi CJlfi j^i j**J E - Yf]G cJlfJui Hjj 




Uu\aj*dUli» /?e£ .Y -1 **j** E i>\ J>s& :b\AjS\ 



J\ l*yJr\ V p c& -q e£ Of 01U* g e F , d(p,q)<r p 



J>j id{p,q)<r C^-.qeX^t 



G=W P - 



M tY j M tY o^jy^ bUs-ii tX -J I* fi* *4 j* teyotGty Uo* 

.EaGPlY &c*\£\jnpeE *rJr p eV Of tf 

.jA^ Jih»jl\ Juai 0\» dlU»j t£ = Gfl^ ^1 

dib: /?e£ JT 0^ <£ = Gn7 j A" j fe-jafc G cjiT bi c^bj 



Compact Sets i-^i jail olp 

*UiJi J £ le-y^JS open cover J-" 3 :<-AJj*J it 

X _J Vj*-' olPj***ll {G a } collection iiAUi dib *X tf>Ai 

lii compact i+ij* A" tfyii *UilI J^T Jl* : Jb/J ft 1 1 

./mite subcover Jyr tte ifj&K-) ^j=" Olf 



i±>- j*j .Jail j "i\ a* 



Oli tjRT J b-jaw ' t-Uatf. (G a j CJlf 131 43 f jA Js^lh 0^ jiff 4j>aj 



1^1 a,,...,a n Jlalli ^ biJW «iUU* 



OlP^£\ ui-f 01 .i^ljM ,J» L^si* 4Pj*£ Jf Of n-3»1_jlt 



0\3 Oil .X— J W-J J*- 





4« 4 




OU-^I j-ku *,^iJ! 4i*JiJ c^JDv *LaiJ! ^ wU* AP-jiii 



TY tY <Jij*A\ OLikw Cii* \3l AT— I (ijlw) lf~Jh Lfi\jJ> ~&yJe- K iOU bijj 



/i/ X -J K Op .KczY^X 01 [AjlAjj. YT it 



OUUa3 Cj\^yJr\ Of ;5^JU^ J t*Ja.i » La jdl dJlA Jjai$ 



closed spaces cjTiLa&}\ j\ topen spaces ifjsih oUUsdll ^p £joi-i ^ 



compact metric 




tti w w a 



.F-J l—* 5 A~ Of ^ jAju IJLA 01 

VjA-t olP^i W!> {G a } ^ . F - J U-J ^»ja* JT £>( ^jmJ c^ly 

(Yr> 0V» Ia^p .T a =7flG a gjiij t Jatf d I X -J b-jadi 

.OlAjJi 

.lilt* Oj&ljdl CshUzdU c Y 



p -J jijijsr ^ a j F aJ £J t<7 e£ CJlT lil .p<£K,p &X Of 




Of U: [ ( f )> A tY J»jd\ ] -d(p,q) j» Jli >J O^j <^l>Jl ^ < £j 

2 



.KczW {J---UW =W 



Oij . W £\k H ifU\j p —1 ^jsr 0j^. iV = V q i f]---f]V q CJlT lit 



j£J .IlpSj* K j t( X -J W-J) iiii* FcFcJiTc J Of ^jsii :0lAjJl 

J^a*i Li£ ;{K a } -J adjoined *j^F c CJlT laj .F-J L-*yi* » tlk* {F a } 
finite <D Vjsr iiill? iUb* Osrji t 3*?i ^ A" Of U .A" -J £2 r yi* t-te J* 



u$ t ® J \ t sls> F c cj\T iij Ff ^j, JT J>tf ^Ji _J subcollection 



Of Lj 03 OjSo ijli 1J4 j .F— J tllip ^ c^ 1 ^ 3> ^ l^r'y-l a > . . i 

. ' :..FJatt (V a } -J Ujir\ WU\ 



.L*\jz> Ff]K oti dsij&K j HI** F cjtfiij 



.1*1 Ff|^ OU <jy ro <Y iu»jdi Oli 

X &dl *U*iU <Jjr {K a } CJlT Hi ikAjytfl it 



-J ilui Jsrji S *i\ Jfijiii . G a = K c a {K a } *U*f Jb-tf JSTj ^ :OlAjJl 



Of ^ 10* jflj 




4^ j* l*ljz> CJlfij+ji LJb=j> Ik\ CJlf IjJ 




(77 = 1,2,3,...) K,dL 



tikis' JT **/*f* Lstiy 4jjr i*j**E cjtf hi j* T V 1 1 
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ontinuity 



Y tYj > <Y jyiiy^i J 14 JS^UJt oii obJk^il gSuuj 2!uli fjji* ^tii jr 



*Ai\ii\ J^i J^U L-Jj ^A 5 *^ 1 ^M 1 Jj 1 ^ u l i>» p*^ 1 u^J 
^Jl\ Jijj Uuj j£Li~> u( k Ji j! Ms** 4=*si ^y 3 ^ J'j^ 1 




.^T 5 J>A !i 7^>y$ J **UJ cc--L*j f l* jU». 



Limits Of Functions Jlj^Jl OUIp 



0) am/(x) = e 



5 > dill* jwr^. s > a^uM dis2 q &Y &£i di\s* CJlf 



Of £ 



(Y) d r (f(x),q)<s 



(t) 0<^(x,/7)<5 . 
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./(p)*lim x _/(x) 



^ lim/(x) = g 



Mmf(p n ) = q 



«->oo 



0) 



lim p„ = p> P* * P 




.S>0 i>U .0) ^ * 4 M 'V* <*> ^ ^ 

j xe£ ^ /;/ J r (/W,?)<e 5>o dJJu ^ uo* 

Ot ^ ^ n>N N *\* ^ .0<dA*,P)<* 



Jfl 4H vL^ s > u*4 4>l» orjt ^ (*> * ^ 

^ J r (/(*),*) > s Of ^ J~*) x e E 11* ^ Jeji 6 > 
& E ^ ^ £»( 4 *M j c 5 „ = 1 / «(» = . . ) ^ • < d x (x, p) < 5 



t xe£ J^l /(x)>g(x) Oj^ S ^ 
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Up 



(f + g)(x) = f(x) + g(x), 



j^ng jf <E 




(f-g)(x) = f(x)-g(x); 

. (Xf )(x) = M" (x) ^ oirii b 

^ /#U* -£cJ ^V-r^ ^J** * ' * 



lim /(x) = ^4 , 



lim g(x) = B 
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\ \im(f +g)(x) = A + B 
p 



0) 



k lim(/g)(x) 
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0) W 



. lim(f • g)(x) = A B. (u) 



Continuous Functions 3 




1 JljjJ 



dy{f(x),f(p))<B 

lit / _l Jli Ia-lp itii ^ iJui JT J 5 / CJlf li) 

.2? on continuous 

.p J 3y>i-d» 0j£ Of Jsr'i /> ikiJl J iijM 0j& Of «-£/i>f Ja*-%. 01 




Ji Jj Lijjrf op lao* isolated point of £ — J iJ mj> iiaii p cjiT lij 



>Jl ^ AiS dUij ./; ^ ij4S-ji 0j& 144yd 121k* £ diltf /lib JS* 



^li xe£ »a-»-jJ( ikUi 01 ^ 8>0 Jtf-U 01 ^k-J tUjfcad 
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£ <YJEjJbf, x gE Jy* &T*L*i X , Y,Z Ot^jzti :k* jj» V t£ 

* «Jyd/Z ^ £ jbfA; j*h jtZiJ tf(E) fifM J*b 
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Continuity And Compactness j^ljsJl J kjljAi^l 

Oir lit bounded JgA» *ii R k 4 E i*>**U) f Jl* :Jkj* )T it 
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Iajl* t R k JX ^ijdt &di *u*UJ tiJu f cjif Hi \ o it 



■iss~f,'\j<i jSLtj .n <T iAjsil dik 
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**Ull ^1 jk Mjd* OlP^l J 
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J^j«J J j*-tolt ts-Ua*3l l^j 0j& ^Jl JfliJl <^J*-! 9JJ» ) .8 >0 O'i UOrf. 
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«£>f bounded oxlt 





hi t dMJJ at*} icJe* dJLJ y £ 
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JO 



Dull dJUb J 
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<8 1 




iJLa lj i u .t-x 
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\ + (x + x ) 



Of «->ijJi .0<g(x) < 1 0( ic Jjg&j (E $ 8 




0,& 



sup g(x) = 1 , 



E 4 <uJ dLk£ «tf £ Op dlJiJ .xe£ g(x)<l Of 
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x Op 
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sup A(x) = 1 
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.W <.i la* Jill j UjJ L~.uf Of 01^ jlJ 



f(0 = (cos/,sin/) J^iJ^ 



(t£) (0<r<2;i) 



.F^LiX-J 'j4i~. 1-1 'tf^kOj&f Of gtedl «JUb .^Lll J^il 



1 




0j& Of ji£ ( **Li, 1 -1 <j» f oSl tJbrlj^ tfJUi) j^Udi 



/ilU. jiJJrl ^ Uj) .Jlsll 10A J h*\ C— J A" cOf £WL. .(1,0) = f(0) AiuJl ^ 



ijjl J 1* -ft 



(! Y^f j» J* Oj& Of tj ji* f 1 Of J] ta jjUJ Of 

Continuity And Connectedness Ja*l jsJlj hj\ 

CJlfj <Y <Jjd\ fiUaJfl JX&jdl >UuU £*s-* LUu'f CJlfliJ jJi t t t £ 

Oteyjt. B jAO'\£-p-i f(E) = A{JB Of ( uic ^JUh J* :0L»jJi 
a jlp . # = £ f] /"' (#) t G = ^n/" , (^) ^.F-IaJu- > OUopLu OlsJjr 

M <^ _1 jto^t ) ^cl Of u .^y-HHj G o_£j ^ ,E = G\JH o^i 

g«i . G c f 1 (I) Oil < 3^-^/0^ t *Al*4 jj^Vi iPj^ri 0j& <Gc/"'(ij 
Of dUi ^ £Ui-J ;aJ\>- Af\Bjf(H) = B Of U ./(G) c 7 Of dili 
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E CJ\T til 
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ikis dJL* Jrji cf{a) <c< f(b) Of ti-* /So* c CJlfj f(a) < f(b) 

■ f{x) = c OfiL-Ax e(a,b) 
0U YY <£ iiftjdi Oil < iLijW [a,6] 0j& ctV <Y i*j>JJ bls-»i 

;Y iJbjjiJ plJ^i-»lj (_J^iJail ^m:,..|j tR 1 -J ikjljW O'jsr 0j& /([#,£]) 
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H\ .a<x<b ii\ <l^t x tkii $1 A*k .(a,b) J iiyw lu^y* t & it 




/(*+) = 9 

Of ^ (x,6) J {/„} ogtdl ^Jr i/i-»oo UX* /(/J 




4 



g* Uu»UJ iJct up ,a < x < b -J 5*-^ 4 / (x-) *Jij& J* J >-fl^j . t„ 




x 



■ (p, x) j {t H } ogm 



/(x+) = /(x-) = lim/(0 



a: 




pa* dUbi / OU JlL ijy-br^ /(*+) j 




x-) 



cjiTj ;discontinues 



simple 



ik-Ji fcjt^/ii ^ j( /zrsf £m*i JjSti kji 




^ lib JiLi ^^^i ^ ^Sh ut jc J (.discontinues 



.second kind 



0»& 



01 



[L/St Iw* /(x) <ui OjSj UbJ^j] /(*+)*/(*-) 

./(x+) = /(x-)*/(x) 



J* ( f) 



/(*) 



1 





•/(*") 



* /(*+) 







/(*) 



x + 2 



2 



x + 2 



(-3 < x < -2), 
(-2 < x < 0), 

(0 < x < 1). 




Oj& J X - J ^rH 



4j 




ftOP dlbx / Op LaJ^P 




/(*) 



1 



sin 



x 







(x * 0), 
(x = 0). 



Jib sin x of d%\ jO- 2 .0 





Monotonic Functions JljJJl 



L~/y iU//^ / o( JU; lAjt* .(a,b) J U_k- / j£d '.<Juj* TA tt 

Of Jj a cJlf lij (a y b) J monotonically increasing 

UJ/ ^alLsll Jujt J^a* Li£ (S j^Sl klsll Uif\z\. f(x) < f(y) 
ljj\yi\ JtjoJi ja JT j^jtj LjJ\ JijJi 2i> monotonically decreasing 



? i. 



.? 
■ft 



■ri; 



i 

■L ■■ 



'iv 

I 

it. 




/(*-) J /(x+) 



(to) sup/(0 = /(x-)</(x)</(x+) = inf/(r) . 



a<t<x 



x<t<b 



0^ <.a <x <y <b CJlT lij tdiJi) SiUi 



(^) f(x+)Zf(y-) ■ 



.L-J^J i-oi^l JljjJLi L-JIj j&*=J ittb? Of jJi 

0j& <a</<x t /(*) iUP^i o\» tjiPtjdfi <ji \>\s*>\ :d\AjS\ 

. ^ = /(x-) Of Of bJ* . A < f(x) Of jJl .4 




ja<x-5<x 0( 



(YV) 4-e< /(x-5)<^ . 



baJ 0^3 t i_jj / Of U: 



(YA) (x-5</<x) f(x-5)<f(t)$A 



0L Ja*-^j '(YA)j(YV)£*£ 



(x-8</<x) fit)- A 



< s 




./(*") = ^ Oil 

Oli (Y ©) ^ ^ <.a <x<y <b CJlT lij clJlsJi 5 jU-i 
(") /(*+) = inf /(0= inf /(/) • 

x<t<b x<t<y 

> .(a , b) ja ^ (a,y)J* (Y o> jja* ij^ty JijULi ^ Jj-o^i ^ 

0^» ciii^kJl 



/CH = sup /(f) = sup /(f) • 

a<t<y x<t<y 



.(Y n> lu,k*J (Y*») j (Y^) aijlk 01 



^ u*U SliUJi ^ 5^u-* j* i^j iJb jr of & 2*^ 



jyC"^// ( fl , Z») J>tf OJi lAU* .(a , b) J &jfo& ihAj^ T « t £ 



Of r (jc) W-J ijop jiy £ ^ a: iiu; J<J 

/(x-)<r(x)</(x+) . 

il /■(*,)* r(x 2 ) Of i^* «/(*,+) < /(xj-) 0( J! ^ x, < x, 01 u: 



^U*Sh i^j^r **>*£»J E yJr\ 1-1 J~jIjJ Ujf JU 0j& lJUij 

.wUU JjlJ Oj£j JJ i j^ty 0£ tiJjJii USj .i~-Jl 




jjp J i-Jj 0j£ ^Jl <fil\ji\ OjSo Of ^Jax-J jA d j& Of ^SUll 

■ « = 1,2,3,... '{x„} Vr/i a^Si J £ l-j^J <iUi OW 



(H) (a<x<ft) /( 




x.<x 



5jJLi-l e-jy O^d dilii ciilkft Sjj^aj ujjliii (f^) Of U: .iyL^ OjS^ 4JU A3yu 



*j1 jJI J**iJl 



s (a, 6) J Wj» 8Jiijy/0/j (f) 



/(x B +)-/(*„-) = c„ 



. (a, ft) -1 <£ y-Si J»ULJ« ij*~»fOj& (£) 

. (a,£) ^ /(*-) = /(*) J*-* Of s-*^> ^ 



continuous jLJl ^ Sj*a~4fii\ jyi up iJ» ji* 



<x„ < xUOiP Oj& ^ n c5y J fcJri lii /rom the left 




^ Sj^afiii/i i)f tft * J»ULJt j*/(x+) = /(x) ^ ^ 

. continuous from the right Lt*jl 



Infinite Limits And Limits At Infinity 



x > c Of x i^-i aiJ^Si ^^-J <c (/J*- ^ ^ ^ 1 * 



^ 0it^\ .(c,-H») :^lT s-^i " +oo -J f^tf/ iikf/ j/>r" 

." -oo -J ijjtjil i&dl jljr" ^ (-oo, c) ap^I 
t -> X f(t)->A, 



/(f) et/ «UV Fn£ ac -J V j\yr dllLa 



.t * x * t eV r\E 




. ^' = A Mjfijjs fit) -» 4' 0) 



4 



YT ^ wii^ gfr^j) iiy^ 4 A/0, oo/oo, 0-oo , qo-qo Ol Ja*-*i 



EXERCISES ooti 



lim [/(x + A)-/(x-A)l = 

viili Jju J» R 1 

f(F)czf{F) 



0* f(E) Of .Jts* t( & .(£ J***! <jj £ j^jj) .£■ c X S*>*# 

. / (E) -J U*i SJ il> 



2(7) Of^j*^ .f(p) = U^O/i^l /7 G ^r J»UDt (/" 



.(U2iktf) Ui&l 3Jil ifrj^l J uLit 






• x e£ g(x) = f(x) ii\ ^ R'j^Sj^.i^ Jlji dliUA Jjr« 



continues f -J 5j*x~d! ObSjan'iS g _Ji 4 i& Jt» ^i^) 



UT Ui*- lit £>j^j i^i ooa o! • R ! <i! £ /r» extensions of 



dlla i*^ .^js* *Ui R 1 Jix^U Ui lij h^fi .(y\sJi 



CJtfj tUi^i au*ty ^ £ cj\T \h\ ,xs£ 



■ 1 ~i i i rr m i — * 



i i • i ■ ■ " ifn 1 t — i rr 



.^j*«JJ J*/-^ ^W 1 0^9 'M^ 




I 



/(/>) 



^1 gt*,>0 



; 



+ ^ ) 



,/(*,.v) 



(* 2 +/) 



/(0,0) = $(0,0) = 



Oftf 0! J* j*jt 



Oli cjdi ^ (0,0) J 5 






J>J* J*' ^ 



! 3 



4* 



Oj£j R 2 J , jr—t ±± ft g j/ j£J restrictions otf-^i 



toftftf J* jAjj . R 1 J £ So-ill J ftf^U 3 





01 X J {?„}>W ^ U o^rji s>0 ^ ^ 

rV it i*^ fJW*-t • d r (J(p„),f(q n )) >6 C£* d x (p n ,q„)^> 







* id 



. _ ma 1 



112*- H\i f ft) -A 

.E J 40-i4 



. j»i jsW ja E J-fr CiJu- lit likl* j& ^Us-i'il »i» 01 jo 

£*ir diam/(£) < s £»f ^ 5 > dUu Jbrj* e > ft >Jf 

. di&mE < 8 -i E aX 
c~J /cj^T : > ^ 4 £ ijfcjyUi fi\ JiJ^Ji OUjJi j-^UJ J*T( -\ 



tjj* f j^! jc 4 V\sa ft Y 4 aft {/(*„)} 

, \ T ^ jfi h* jwU UUy. jUis) 

j£jL» lJUk v-Jfi .*&sib lf*~A tflbsili 5^*=— » *lul i^*a-i' U'jJl OjW - U 

.iiA jj iS5 jiff 




j) J( i}\ E j* I bl^wl villi f ^ <J* q*j> .E <j Siyw ftiasiw 



olfcU^l gbft of jJi n .d(p,q)<\ln -i qeE 

/_J l_J jMl iUi^l Jlj J^!i lii iiytil g ilUil Of ^yi* jA^ 



* ^ *Uai ^L? ^ 



jAj I j I -J y*~j> jJaJ iff&Je js31 5 jidJl Sji^-j / = [0,l] j£s! - <! £ 

• are/ ^ ,]*H\ J* S^uJ /(*) = x of ^ 



UiT F J Iryl* f (V) cjiT \i\ open Y j X I y>~~> -\ & 



.Ljo/, R 1 J R 1 _J j-ki— *j rp* J-iaJ JT Of ^ ^ 



iJ*i! ^» M tOf t^f cc J Sijsrjil i^wiJi ilO^Sl jl M -icl 




/^J dUsI ^Ji J»uDi of Je jtj .(a,b) 4 iiyu U-&>- f J^i 

^\ ~V>yJr\ E j&J .£~«i<" .jiffy 0*1! ILIS Siuw kjl^l 

a--Ji jio*!>U r) </>^ jiji tE <j* x JT g» ./(x-) </(x+) 



01 i-^ 



'/(x-)<p<f(x+) (() 
. /(0 > /? J* x <t <r <b JaJ (^) 

o ^ li^r ^ jr of (jo .aijj Oj^j oy^!! *iA ji» oi 



« > 



i 



o 
i 



/2 



) 





f(x) = r x ^3? jSj <.r ^o* 



Oli tW r ja*J f{x)>r> f(x Q ) j& x n ->x CJlT lit : 




.ja»\H J*rj\ .t -> x Oli diiiJ 



71 



x e X 



Amer. Maf/r. Monthly, vol. 73, 1966, p. 782). 



p E (x) = inf d(x,z) . 

zgE 



.x gE cjiT Jaii \s\ p E (x) = tiJ*o»j<)) 
Of 01~j diJij (X J »tfaiib a jAi-wJ SJia p F Of jip (o) 



p E (x)<d(x,z) <d(x,y)+d(y,z) : 




CJlf \ij :ik-»jii i*Jji liikc jlkj: LIi>- iha /of 

Ai? «Uajf .b j a oy.x jaxJi f(x) = c U$ c f(a)<c< fib) 



1 



,p E (x)<d(x,y) + p E (y) diji 

UUu F iL*\j* K 01 j <X if jsll *Uaiil J OltUiu i>\s» F j K J> j& ~ Y ^ 

WIT ISJ d(p,q)>S CM £>0 dJl* *ji ^ ^ 

.a ei 7 ,/? e£ 




V*Jl< /(^) = ' Olj [0,l] \J^JU» &^X4 /Of 0* 



»-=/"'(a.i]) ' w=(N)). 



4 * 



& <a <s <t <u<b cjiT liij (a,Z>) J'^f c-lT tit 

/(o - /(j) < /(«) - m < /oo - /(o 



Q>e*) f(p)= PAP) 



convex ^o^iib (a, A) J fi&}-\- i*-ili <duJ JL£* -tr 
/(X x + (1 - X )y) < \/(x) + (1 - A. )/0>) 

.0<X<1, a<y<b y a<x<b cjiS* WIS* 



aJijJ eaM_p a<j^ iib Jf CM ^ .8 » j£s b.J* tib JT 01 J* j»j 



U\ {a ,b) J U Ij*-a i&r f i)\ -tt 



www.alkottob.com 



/ 



^ 2 J 



< 



/(*)+/(?) 

2 



R 



J 



x & A 



•i x + y 



i\T lit -Ye 



-ye£ ' 




j£s) tinfoil ilJ^ty is.yJ-C x j& .<j-J » ^ a ^ (^) 



Ci + C 2 £>f OW »^** js* G + Ca Uf*>** Oj^t c#ih R 1 

.R 1 jjjj iLliS^ 




^^^^ 




.x el 






J ubl cull 

Differentiation 



UJj-l JljOJl jj^SH *.bi=--b) J^aih lift J ULsAl iO* 

jjJl Jj»Uj Jiiu .***sli ^'i J 1 ^ 1 Jj W-> J'j^ 1 ^ U " up 



The Derivative Of A Real Function 








4.s-„il I 



0) 



♦(0 



/(')-/(*) 




00 



/'(*) 



lim<J> (/) , 



b& J\x JbULJi 0/i ^ /' JJuli/JluIi ^ jiy dUi) 

.derivative f f tefry^) W\ 



y 



.differentiable at 
1 «-*0«* til tf* Ji ,Jl *J <( Y ) ^ r-J'J °* ^ 

OliiJLi ^L^blt JitfJb J>JU H .Jljdt ^ hSj-4 jf ip«. ^* £>j£ 

Jjb-t Jl 




c 



x) Op a<x<b c-ilT tijj (a, 




1 j iiju/ cjiT lii 



tx &[a,b\ikUl J J^UdJ Ujtif cjIT lil .\aM J iiju f 'j£s/ :&Jb jj* t iO 



/(0 - /(*) = m f(X) -(t-x)^f '(x) -0 = . 



t - x 





» 




0j& til oil ^ ^ J gUl J-Aflli J .iijaii J J^UiU iLti 

! ^ f ±* J^ikii &13 0j& 0? OjJj Jai-I J^t ,> 



«(/ + *)'(*) = /'(*) + *'(*) 0) 



g 2 (*) 



. g(x) * of (^) J jfi^a ^ 

h(t)-h(x)=f(t)[g(t)-g(x)Ug(x)[f(t)-g(x)] . 
<<Y Ujjli) /(/) -> /(x) Of Jfc-ttj - jc ^ U-i lil 



A(0 - h(x) 



1 



/ - x 



s(0s(*) L 



t-x 



t - X 



x" Of («-») -J Sjj^all OlflJaJl Of ./'(x) = 1 0^ if(x) = X 



t n < Coif lii ) 7? £j>w> ^ J^J 1 1 ^ lyiaJLa Ob j c J-^lisU iLli OjSj 

^ULiJ ^li ^ jjJ-i jioia J5* J 13 dOai ,(jc^O ^ ^^ii J> Lip OL5 



J Ub^ jiT^i JjLy tJj-ij ,o1,fr,.f.U 4J» jy» *a( 0j& \£jj if J.\ 



■Ji u&J^LLdJ ibiig Ojj f >£ju* Jifi ^jsd ' I i "jxili tij** g (X e[a,b] 



CJtfllJ.(x)f 



^aJ t 4a-,t,\i Jujd .y = f(x) j£J :0Ub tJ\ 




(') /(0-/(*) = ('-*)^'(*) + «(')]. 

(°) g(s) - g(y) = (s- y)[g'{y) + v(s)l 

y Uo^ V (s) -» ' / -> x U»u* j 5 £ / , ? e [a, Z>] Of <i 



• 5 = /(0^ 

^ J-a* Lip ;(£) f Kjf (0) fU*^ 



MO - *(*) = g(/(0 - *(/ (*)) 



/(0-/W][g'M + v(4 

(t ~ x) \f ' (x) + u{t)]\g' (y) + v{s) 



O) MO " A(y) =[g , (y) + v( J )].[/'(x) + «(o] • 



. ( r> lJ*u tfiJij <g W'OO J! ^ 



-i *f>fc& (I) 



1 



(V) 



/(*) 



ixsm— 



x * 0. 







0. 



c 



( J^aiJi J laSlsll Jijuii jtiU Jj^) cosx ^ sinx* 01 



(A) 



/'(*) 



.11 1 

sin cos— 



(x * 0) . 



1 * 



•) 



(9 



s 



/(') 



( i 



r-o 



sm 



1 



UjU£ 



4 *J*fcf* (V) 



r 



7 



x sm 



1 



1 



x 



x* 







x = 



f f (x) = 2xsin 



1 



cos 



(x*0) • 



V 



J^i j 4(Jjyc3b d^*=-J Uli ( x = Ujup 



/(0-/(0)l 



/-o 



f sin 



li 



< 



'I 



'I 



4 







01 Ji^Ai Uiti < r 




pju 



/'(0) = 




cr- 




. x -> Ujl* i> JJ ^1 (1 ♦ ) j cos(I / x) OV 



Theorems Value Mean Ja-» jit 2*95)1 OLa jy> 



5 > diJU* aar j* OlT lii pel ikiJ! J local maximum L 




.d{p,q)<b ^ qeX &± f(q)<f(p) Ol 
^Ju l3 J* Local minima t5 ^uJi 

ikLJi J 4 s U Lf Jtfi &Li dLLJf cJlT lit ( [a,b] J tijvfJ-A :kAjj> A t 

./'(x) = Oli L»u* iJ^\ja f'(x) cJlfUij <x <=(a,b) 



.JJ^I ^ ywail h\$M JjUll ^aJi Uuf ^JaJUj 

a < x-5 <x < x + 5 <£ . 



0$ tx-8 < t < x CJ15 lii 



/W-/W>o, 



. /'(x) > Of up tf x ^aJ 



r-x 



./'(x) = Oil .f'(x) < Of 0y. «#JUlj 
tfJ dj& x e (a ,b) lUILa Jjtjj [ajl& i(a,b\ JJ**L£UJ 

-f(a)]g'(x) = {g(t>)-g(a)]f'(x) . 





\g(b) - g{a)]f{t) (a<t<b) . 



j i{a t b) $ Ityi h i[a,b] J iifi h tip Ua* 



1) .A(<0 = fQ)g(a)-f(a)g(fi) = 

. x e (a,i) /i'(x) = Of jw Of u> v*p. '**jsh ***** 
/»(/) > /2(a) cjiT ii» .x e(a,6) d««t dls <^ ^ 'j^ A ^ &\ 

[a, ft] J 3J*Sj a; -J u^-uij j_ku- UiuL\ ^ 0\a <f e(a,i) ^ h{t)<h{a) 
generalized mean Ja* jll jd fUfil hAj±\ «oa ^ jiL u yit 



"Jz^jJl i^JJl LajJ? 2JH\ 2L*lsM ^1* jlk> u 5^1* rvalues theorem 

. "mean values theorem" 



l$j dj£. x &(a,b) Zk£dL)tJiJi*rjjmMfii(a,b) 

f(b)-f(a) = (b-a)f'(x) . 



.(a,6) JJL>tMZl<J0j6f0l L fjzLJ:kJt>j i * SS t0 

. Sjujj* j& f Op ( x e(a,b) ^Jr fix) > tirtT /J/ (>) 



ItJjUSLi* Oj&fOp ix e(a,b) f'(x) < CJlf Hi (£) 



/(x 2 )-/(x i ) = (x 2 -x,)/'(x), 
■*2 J*i # x J**l i(a,b) 4 * 2 >*i ya *^ J* ZJ) J^ 5 '-^v^ $ 



The Continuity Of Derivatives otiLiil ajjS 

a* JbrijsJ ^1 /' dike jtf/JluJl [(<»;) n <e Jbll] 



Jib JT ^ £>p <dlJj ja Js. .^ifcli 



Li la^>!i ^ o j& : 5 ^ jJJi ^ tijfr ^\ JljjJ^ jail** i! 



dl Jfj^Jj \a,b] J Jj>LkU HjU LLir SJb f Oi jS» jsiJ lilA jJ> > Y c© 



. /'(x) = A Of x g (a, 6) 44 dtfl* urjy ./'(a) < X < /'($) 



• f\a) > f'(b) CJ\T bi jbid ilitf i*,* op £k! l<j 

*(0<*(«) ^ ^ op ua* .g(t) = f{t)-Xt k* :t)lAjJl 



.t 2 e(a,b) ja*J g(t 2 )<g(b) filial. g'(b)>0 j /, G(a,i) u!«J 



.f'(x) = 'k Oil . g-'(x) = 0^ <A iO iubjyj) bUs-.i .a <x<* 



.^lill £ >Ji SjjI /' dlii 0( !-br jlUrl j> j&j 



I/HospitalS Rule J^.ja Jl SjlpII 

.ObUJl ^ J SO-i* iotfJl 0j& U UlP 



£Mj < (a,b) J Jj>LLU OLdjUj Oh J J* OU/U g jfOf^j^J itebjjt ) f t O 

Otjffj&J . - oo < a < b < +oo ^ -* ' x e(a,b) £s+J-g'(x) * 

fix) 

(ST) x->a :L - ± - L ^A 

g'ix) 



-sir hi 



(H) x-»a Uil* g(x)->0 x /(x)-»0, 



0°) x — > a g(x)-»+ao, 



(>«) J £(x)->-oo cj\T ijj jf ix ->b c-5\T lit ^jaIi ^wy ^JsJbj 



^ g^b* bo* jbjd . -oo < /4 < +00 ^ d£s ^\ SJU-i *i jf ^ju :0U jJl 



dUUA osrjj. (\T) -J bL^t J<r<? Oi d-<; r ^ > Ot 



/'(*) 



1^4 f e(x,y) dilb* o*r« a\ & \ <o h*j\\ op ta < * < y < c CJlf lit 







(1A) 




Of Jta-*J Lip ^ x -» a £JJ .jfatf (> £) 01 jfiji 



f(y) 

(11) (a<y<c) ^'«7 (*<7<c). 



til .a<x<c, CJlT lit g(x)>0 j g(x)>g(y) Of ^ c, e(a,jO 

^ ^ Lip « [g(x) - g( ;/)] / g(x) -1 Uj* 

g(x) g(x) g(x) 



/(*) 
g(x) 

^^^^ 



.a <x <c 2 CJlT til f{x)l g(x)<q Of c 2 &ii dUbA 



Apk^J L3^3 <. p < A p O j t -go < < +00 CJlT iii ctfj ^kJ i (j^b 

Q\ c, 4kfiJl JL^ 0( 



/(*) 



Derivatives Of Higher Order J*H\ J\ o&JL» 




f ft frr fO) f 

J 9 J 9 J ? J 9 ' ' • 9 J 



(3) r(" ) 



,i«r J Jbrljd Of u£ / ( " O^i a; Ml jl* / ( " o^ijd Of JjrSl 

CJ^P t^JLil 5 jsaJt J 5j\i ik£i x CJlT til t 5o*-l j ip- 5jjl# i&i* J jf) X — I 

jIjjt J JbrUS Of f (n -° Of U jc J^UtU ULli / ( " -° 0j& Of '(/ 



Taylor's Theorem jji-? 



*^P, a^.reM) Jf jl* J*ija \t) <[a,b] J ( 





fc=0 



^ # ^«^* 



ji^ia U £*-J (Y i) Olj { - 1 n IsrjJ^ AjJJ-t jUfc./m^ o£*?U. Of X^jd' 



( Yfl ) /(P ) = ^(P ) + M(P -a )" 



(* #(0 = fit) - P(0 - M(f - a ) n (a£t<b). 



Otf 



(YV) g (n) (t) = f (n) (t)-nWf (a<t<b). 



•0 J a iyJtjiWrJ g ( " ; (x) = Olt Of Luku-l lij OlAjJl JJ^, Oil 
Ud0^£ = 0,l,...,»-1, -JJL-Jb P (i) (a) = / ( * ) (a) Oi U 
(YA) g( a ) = g'(a ) = ••• = ^"""(a ) = 0. 



# X, jS*^ g'(X l ) = O^dJJU <g({3 ) = Ol^M-l UdrfSMOl 

.jUl ^ria «a-J UV» <g'(a) = 0? tf .A-L-jJl 1*^)1 Lap! bbi-»i <R 



Ol rlss-M J-** OtjkiH ^ « J» .x,j a 0y X 2 Ja*J g"{x 2 ) = Q 



■Pja«'is '*„ .! j a it! x„ g (n ^xj = 



Differentiation Of Vector- Valued Functions 

OlT li) .Ob*-*-* 'U$-*i^ cT ««j Y iO ObJbjdl j^iJ dUiSj J 



f(t) = Mt)+if 2 (t) 

UiaJ Of gu*t jJi 0£ Ujlp t odU»- / 2 (f) j /j (/) <.a<t <b _) i-J^ 

W /> , /i «y 5w oir Jaii tiij lij x 4 j^usii iiiii a fifty jul>i 

J [a,b] j>«J J\ f JljjJl Jl ctff cbl» 3j>^ i^isll ,HiJt Jlja £\ JUt^l JUP 



www.alkottob.com 



J ftt) j±\ 6H\ .f'(x) J»j*> S & ^ ' 



R 



^ >5 4*1^ . 



R 




^ ^ ilaw'JVt (Y) 4 a*uSi a^JJj * 



R 



R 



(TO 



lim 



f(0-f(*) 



f'(x) 

R 







J\$uJi)j& lib W y» f'j 



f 



t 



f ' - (/l fill 

JT oiT Jtf lijj U 



•0" 



J^l Jfc^i) f g ^ 






(ft) 



/(*) 



e 



IX 



cos* + /smx 



jM\ j-dBi * ^> J* ^ ^ M ' ^ 



(YT) 



/(2«)-/(0) = 1-1 = 0, 



J 



(ft) 



/'(*) 



.l^U-l X |/'(X)| = 1 



j fix) = x u> jt> t (0,1) bfcfr J :J&» > A iO 



(™) 



g-(x) = x + x 2 e'* 2 . 
hm — — = 1 ♦ 



e 



it 



1 01 u 



(TV) 



g'fij = 1 + 2x 



2/ 



(0 < x < 1) , 



013 dUJLI 



OTA) 



> 



2x 



2/ 



x 



2 

1>--1 



Oil 



/'<*) 



1 



*'(*) 



(*)! 



x 



< 



2 



hm— — 



j^l/S cjiJlj Jj*-»jJl <UJ)( iJb jyJJ JJUa JlsrjJ cdili j» J* 



♦ c 



/(i)-/(a)|<(*-a) sup|/'(x) 



a<x<b 



l*u*.(a,b) <J J^LizU ilflif j R k Jj[a,b] 




Of x <=(a,b) ijMlJtJirjt 




f (b) - f (a) < (b - a)\f ' (x) 



0) . 



(a<t<b) 



« z = f (b) - f (a) 
cp(0 = z-f(0 



01 



<p(Z>) - cp(a) = (6 - a)cp'(x) = (b - a)z • f \x) 



cp(i) - (p(a) = z-f(Z>) - z-f(tf) = z- z 



0l« jjl iuLs* 0^1 1 »a£i 



(Z>-a)|z-f'(x)|<(b-a)|z||f'(x)| 

.*< yidi i^di ^ ^Ji_j c |z| < (b - a)\f'(x) 



Oil 



<j^Jli »il ou^ji au^ r ii v-jji uii ^ ^ ^ *** JJ1 r 15 V.P. Havin 0) 



EXERCISES jo^ 



/(*)-/O0|<:(x->>) 2 



. (a < x < b) 



g'(f(x)) 

R 



1 



/'(*) 



C 



C 







2 



ibUil £>( ^ ^ C ,..., C„ 



o 







.1 . o oy ' M> WS> »A J 5 ^' i> ^ 



/'(*) 




OJj cx>0 arf J-i»UdLJ o/j/oi 



UO* g(x)->0 0* ^ ^ .g(x) = f(x + 1) - /(x) -X 



+00 




+00 



;X>0 —J 8 




/ 0) 



t x > -J /'(*) (^) 

«/(0) = ( C ) 



(x>0) 



/(*) 



X 



R 1 

0? c-J < M Of JU ) aJ IA ifcilt Of ' ^ ^ U-i- # Ol -T 

jJufi p S OlT lil 1-1 ^ / 0? J*^ f(x) = X + £ g(x) CijPj > 



J*jt -f(x) = g(x) = j g'(x)*Q Atojx? g'(x) </'(x) Oi -V 



0f> 



/(0 _ Ajg) 

*'(*) 



lim 




d-4tf>0 dUl* JbrjiAJt^ j»j< .£>0 j [a,b] /' Of j*>T -A 



/(O - /(*) 



t-x 



/'(*) 



<£ 



dUj jwcJi 0\&»Sb ) .a<t <b,a<x<b ;0< 



<£ Olf US' 




/' CJtT til [ a ,Z>] ^ Uiii* Jj»lisll iLJ/Ot J jilb 



R 1 



4* 4* 




Ksjpry /'(0)0( dUi «aw J* .x->0 Ujjp /'(*)_> 3 Obj x*0 



/(*) 




£>lj '(0,1) J u^ 1 * y Cfista g jf ^ J°s* 



B j A £ 



ux* g'(x)->5 </'(x)->,4 «g(x) 








:gsJj.SS J^b JJi 



*<*) 



/(*) 



y4 



X 



X 



Six) 



i- 



A- 



x 



lim /(, + /,) + /(x-M-2/W 



•*(*)/* J /(*)/* cr* (i^Hj lsM^ 1 i© i^jdl J> 



cjiT lit 



■5wy/ (3) (0) 
-1,1] J a yu/ j ;c> aj^J^ c j a C)\ jtjto 



x"sin(x~ c ) (x*0 CJlTlij), 



0. 



(x = 



. a > CJlf Jaii lilj lij ij*i~J>fbfis (f) 



.a>l cjiT Jaii liu lij t*yry f'(0) 0j& 

.a>l + c CJlTJaai lijj bjJjLji* /' (£) 
.a>l + c CJlT -kii lijj \>\ 3 -i-. /' 0j& (5) 
.a>2 + c CJlTJd&iiuiijfcj*^ / w (0) 0j& (_») 



.a>2 + 2c CJlT iiii ii] j 5a-i» /" Oj& (j) 
.a>2 + 2c CJlT Jaii lii j lij J ,4s-* /" Oj& q) 



(«.») 




00 



^ ^ J/»(x)L|/'(4|/(x) 




.(a.co) tj 



0( i> OV- 



M\ < 4M M 2 . 



/'(*) 



1 



2h 



Of j^j 0^ t A > cjiT lij 

[/(x + 2A)-/(x)]-V(5) 



/"(x)>0 CJlT Jiii lilj lit ^ 0j&/0f J* a e(a,A) 



J &j> JJ»WsiJ 3JLjV3 iUb / Oij t a£R 1 Of jj»jdf 



Oil .£ e(x,x + 2h) 
f'(x)\<hM 2 +^- . 
<Jf>ia = -\ ;J*i)b Mj 2 = 4M M, Of OU 



/(*) 



2x 



1 



(-K x < 0), 



1 



ix 2 +1 



(0 < x < oo), 



.M 2 =4,M, =4,M 



= 1 Of J 

? Uuf 4*d\ *-5Ji Ji j J VJb j<nd M, 2 < 4M M 2 Of Ja 



(0,oo) 



. x 



00 /'(*) Of ^ . x -> 00 UJuP / (x) 









00 



£0 



/(-1) = 0, /(0) = 0, /(1) = 1, /'(0) = 0. 



. x 6 (-1,1) J*) / (3) (x) > 3 Of J* ^y. 

.1(X 3 +X 2 ) lr-Ak J*** Uj\iA\ Ob Jitf»*i 



dUU Osrji -uf OlJ 4 R = ±1 



a = 



oi f e 



(-1,0) j 



J 1 G 



./ (3) (') + / w (0 = 6 



(3) 



2(0 



/(Q-/(P) 

f-p 



f(t)-f{P) = {t-p)Q{t) 

: j^Ll <La jd iJuJl ipi-Jl jaif <r = # J3y«-1 



V 



Of ^ t [-1,1] J Oly JjsUilJ ib.13 ; W- i)b/Of - V 



/(P) = />(P)+ , .\/ (P-a)". 
t -l<a „<(3„<1 £jfjJ»js»( .Sa^y /'(O) j (1,1) Jtt^ / of -S\ 



J .ill i*. ill \*\y <Jj* . « -» oo Ujlp p n -> j , a„->0 j 



_ /(PJ-/(aJ 



.lim D„ = /'(0) W a n < < p„ cjiT bi ( f) 
Ols ^ {p„/(f3„-a„)} j '0<a„<(3„ cjuT lit (V ) 

. lim A, = / '(0) 



.lim A, = /'(0) (-1,1) J f cjiT lit (jr) 



( 0ji^c-J /' ^j) (-1,1) J iLli / ^ tijfr ^ ^f 



\#&jiiyry \imD n y £>lt>& p„,a„ i*i 0_£j ^Jij 

psi\ jijj i-J^ ^ ^Jij j^Lj a^jy. ^ ^^xkr a^u. ja^j jio -r 



/Zxetf point of 





. jifSi ^ 4^-1 j 2Jaii 

f(t) = t + (l + e'y l 
X12> t j£l <f'(t) < 1 i>f ^ ^jJi cflJUU Iki) dibi H 



4 



jf t R 1 Jtf^J ai>^ Ci/jf Ji* ilb iiliu j£i tj^Jl 



-oo, oo) J iiiy i)b / 01 J> jsif -YY 

./(x) = x CJlT lij 



f'(t)\<A Of ^<l c^li dlJU* OlT lit t di)i ja J* (r-) 

Of_> iiiyrji Oj&f -J a: «X»UJi SJwJl Of ^ t ^Jr 




iJ*^ x l Oi ti-»- tx = limx n 



=/(*„) 



.« = 1,2,3,... -J 



(*l,* 2 )->(* 2 ,* 2 )->(* 2 .*3)->(*3.*3)->(*3.*4)-*- • 



j iiydl/iJlaJl 



X + 1 

/(*)=- 



^ «Y,P,a *fc*U J»Vfi ^'dUsi 



l<y<2 , 0<f3<l , -2<a<-l . 

= /(*„) {*„} ^ 5jbAl» ^ -J JL-Jb 

. n co UdiP x n -» -oo 0i J* j&j. t * < a CJlT lii (f) 



.n-»oo UJrf x„ -»B ^ t<x<x, <y CJlTiii <y) 



y j a -J 0l£»)!b. cii^kJi R 01& Jba* 0£ dUi) 



^ YY (^) j.jA-1 J Sj^Jii iijkJi jJu Uuj O^b ^Wb 



.(0,oo) J (0,co) J^^lt JijjJi 



1 



' or 



2 



•/(*) = t*+- , g(x) 



\ xJ 



a + x 
1 + x 

Of Jjb- .(0,qo) J Ui i-u-j 3x>u> ikif Va dilsi # j/^ 

t ^j\iJi jwaiJi t u j jjTjuh OjiiJi 0j& a ^y- ji bUu-i 

< a < 1 Uj^p fr^jiJi ^ J*ii 



[a.b] 



J 



3Jbli 



/ 







[a, 6] ^Jr 0< f"(x)<Mj </'(x)>5>0,/(Z>)>0,/(a)<0 
Newton's method jJjJ ffi 4 J**^' ^ 




X 



n 



lim x„ = £ . 



of oy j 




X 



n+1 



5 



f"(Q 

2f'M 





A = M/2b cJlTiij (A) 



1 



0< x 



2M* a Hull M iki iif.j Jiw ^ of oy (—») 



g(x) = X 



/(*) 

/'(*) 




<x e 



M, = sup|/'(x) 



M 



o 



sup|/(x) 



.? ^ «^Slt| x 4 g'(x) 

? Oo^-- i&U .jJjJ jj>j (-20,00) J /(*) = t* 0) 
l^,A\A^ ^ dUu 01 j c/(a) = 0, [a,i] J J->^ ^li/Oi -Y"\ 



<x_)f Ji*j^ .a^x<x -J 



\f(x)\<M x (x Q -a)<A(x a -a)M . 
^ ■[«.*<>] J / = t£)f^f .i4(x -a)<l cjiT ii] M 



Oil 



a <x<£ 



ijius^i aH JJ-i . a < .y < f3 



<K*,.vX ^(o) = c, (a<c<|3) 



j ca</(x)<p 

/'(*) = *(*,/(*)) (a<x<A) . 
dUu* a^-je DlT lit ^1 UHj dULi 4 i$r JJL* Of J* ^ 



Of 




<()((^^ 2 )-<|)(x,^) <^^ 2 -y. 



■ (x,y 2 )eR j (x,y,)eR OlT UlT 



If 



1/2 



(Vii JiSlsJlj *ylsT 3jI*i tJL» Of* M 



y(a) = c 



y 



y) 




C J <<)>,,...,<)) 




I Sj-oLp ^JUi ^aJ5Vi it - »U4)i J (£ + 1) 



W i^ 1 J'j* J* «* n ji^di f a>uwi .(<;,,..., c,) 



0' = 1,...,A-1), 




■tfj*^' Jj^> fc* ^rjf ./(x) = x 2 /4 J fix) = : ^ & 

^ : = -,M ^;(a)=C (7 = 1,...,^). 



Y5 



y 



t 




• v(a) = c, , y'(a) = c 2 ,...,y lk ~ }) (a) = c k 



fc 



The Riemann - Stieltjes Integral 




J* j£i< JUau. tfJUl ytfjt J*&Jl Od> ^ ^U-l u UaJ1 



,l>\&>\ syrjj ^ij* 2 



Definition And Existence Of The Integral 

partition P of fa, 6] -J P ^ M [ a > b ] ^J* 3 ^ ^ 



( x ,x,,...,x n J* 



a = x <••• <x„_, <x„ =6. 



Ax, = x. -x, , (/ = 1,...,") • 



M = sup / (x) (x,._, < x < x ; ) , 
m, = inf / (x) (x M < x < x, ) , 



n 



b 



0) /ax = inft/(P,/) 




(t) f/d* = sup £(/>,/) , 



i S J -J\ ^LjJi .[a, b] —!? oUjsJl g# Jji Isyry sup j inf — ll 0j& ^ 

upper and few ^JjLJIj LUli 4JlXjJl Lr w (t) j (1) -J 

.^ijsii ^ t ? £] <Jf' : f ™1 integral Riemann 

aJLiiii JijjJi 5? / g9? 4^ c [ a? ^j ^ Riemann iniegrable 




(?) f fd 



x 

j 



J 



(t) f/UW* . 



tSjLia /Of ic i[a,b] / -J Riemann integral J'^jJ 1 J*\& ^ iJU 



m<f(x)<M (a<x< b) 



«(* - a) < < £/(/>,/) < M(Z> - a) , 



the upper and lower integrals are defined for every bounded function 

UiljS tytt^ll J^JxxJJ J^aa^* £lLJ^ 



a(Z>) j a(a) oi u?) [a,Z>] J *Jb a j&J :ubj*5 t d 

Aa, = a(x,-)-a(x,-_ T ) 




n 



U(P,f,a.) = YM i AcL i 



n 



r-i 



(0) J/</ct = inf U(P,f,a) 

0) J /Woe = sup L(P,f,a) 



. oUj^di ^ J ^ sup — Ifj inf —J? ^ 



( V) \/da 



f A) f f(x)da (x) 



^U^L* jf) Riemann-Stieltjes integral C)\£j J*l£y ^ ii» 

. [a,b] (jjita —I *aU=»-»» / — J (Stieltjes integral 



a ;>fl j jTJlJ .jsjji-i - Olfij Jj»1& ^ 3up\> yU:Jl J*&)l OlS t a (x) = X j> f H 



J> OS* ;(A) ^ (V) J-aii Li J .>* jsJl ^ ^AJJ vliJ^ci 01 ytfl <-^i=~i 
^yi^ " L ^ W U j^J fO*s-J ^ ^ ^ *i .(V) JjA & L-i uft-Jaj S (A) J X 

."variable of integration J^^ 1 




tt{lk» (A) ; JlftLl ^ 



* * 



jljt jJl Of :gJrt J-b mL ^JJl jjuJU lOsr Jd&i js*s* V^d jj^' 01 



1=1 Jt=l 



0j& OJbdL* CJ^b- jj cjM&Il jaw* Jb^Ob jjJ* (JiiLA Jarji H c£r^b 

JT J dUi Jyj Of OjOj .(V) JM&I ilL^ 0^ ixJ <Jj-> .Alii j^p juili 



j S j W7 5 *4^P a Otj ;3wLidj U-a^ 0^5 Of *Jj^ /013 t 3y 



cjiT iij P _) refinement budl ^ P* o( J^aj :c*!j*j V t*\ 

cjiT lii common refinement Uf&tJLa ^ P* J>& u^s <p 2 



.P*= PUP-, 



Oli <P ^ buLli P* cjtf' fjr.teA t <.*\ 



(1) L(P,f,a)<L(P*,f,a) 
U(P*,f,a)<U(P,f,a) . ; 



J& .P ja jf\ Jai3 SJb-l j alui ^ ^ P* 01 Hjt ^ 



OkJaii i> x,., j x,. 01 ^ t * <x*<x,- 01 a;* yu^li iludi ai* 

.P i ObJlcj 

w, = inf/(x) (x,_, <x<x*), 
w 2 = inf f{x) (x* < x < x,.). 

=inf/(x) (x M <x<x,). 



Oil 



L(P*,f,a)-L(P,f,a) 

= w, [a(x*) - a (x,_, )] + w 2 [a(x t ) - a(x*)] - w,. [a(x, ) - a(x,_, )] 



(w, - m,. )[a(x*) - a(x,_, )] + (w, - m, )[a(x, ) - a(x*)] > 0. 



j-aij <o\ J.\ ja k JJUedi \1» o*i bti ( P jS\ iULJtjfc 4f*-P* cj\T lii 



Z(P,/,a) < L(P*,f,a) Z U(P*,f,a) < U(P 2 ,f,a) . 



* . * 



L(P,f,a)<U(P 2 ,f,a) . 



\) oi» 4 p, ^ Siy-u sup -Jij iajtt P 2 cjit iji 



("> \fdaZU(p 2 ,f,a). 



ti^fc* <*vji s > J& OlfJvii Ujj til \a,b] J SK(a) / 6 :^Aj5-» 1 tl 



OH t/(P,/,a)-L(P,/,a)<e . 



Z(P^,a)<J/Ja<f/aa<C/(P,/,a) . 



0<j7da-J/da 



< 8 



j/rfa = \fdcL, 



. f e 91(a) .Of tff 



P, oisljf dUb* jbr ji uj^p . e > o J^b 1 j c / e 9?(a) Oi ^ iii i^JOdb 



0') 



U(P 2 ,f,a)-\fda<^ t 



0°) 



\fda-L{P x ,f,a)< 



e 

2 



U(P,f,a) < U(P 2 f,a) <\fda + ^< L(P„f,a) + s < ,/,cx) + e 



2 



.iUJi iiijJi jJUtf-i 



re 




i j£*J (\ T) Oil cz jiaxtjP jZaJ jax* (\T) IjJ (I) 



P 





t 



S. 



If Ujj P 









n 



Z7(^)-/(OAa 



*=1 



S/(OAa,-j/^a 



< S 




5, 



/(^Aa,. <tf(P,/,a)-Z(P,/,a) 



j^.Ldl Of .(^) 0*J? 



Z(P,/,a)< Y/(f,)Aa,. <U(P,f,a) 




^^^^^^^ ^^^^B^t^^J^ 



J 



L(P,f,a)<\fda<U(P,f,a) 



.[a, b] J f e <H(a) ^'[a,*] J »y^»f CJlT : jy 9 A il 



01 ti>0 jl^ . s>0 J^LJ 



0v> 



fa(A) -a(a)]ri < s . 
Di 5 > diJu Jsrjd «(H t£ 

/(*)-/(0|<n 

• |x-/| <5 j it e[a,b] 




01 u 



x e 



1 



J* Jju 1) Oli ci ^Jr Ax, <5^ [a,b] J «j£ $f /» CJlT til 



(W) 



(/-!,...,«) 




/ , a) - L(P, f, a) = Y Q4, - m, ) Aa, 



n 



< 



77 Y Aa- = maib) - a 



(«)] 



< S. 



i=l 



./ e 9?(a) ^ t n tl 




a 




•<tf Ujj t[a,b] J&jf£Jifij\ :^jy» n 

a <rtj*s* Lip Lip tgUk) • / 6 9*(a) 

Adp^ . e>0 



= 1,. ..,«) 



Aa 



a(6) -a(a) 




a ijfc u& ^ 0) 



/7Z 



/(*m) 



M =/(*,) 



0£ dilJU 



U(P,f,*)-L(P,f,a) 



^l^t [/<*,)-/<*,-,)] 



1=1 



a(Z>)-a(a) 



n 



[/(b)-f(a)} 



< e 



put Jui Lp* HfUb dJLLJ f t[a,b] J f C>t jryLS S 



♦ t 



n 




a j t 



y/ 



• / e 91(a) 



/0j& ilfcJi teyJlE ^ <M = sup|/(x)| ^ . e>0 i^U :0lftjJl 







ijbVall i3j>Jl 0i 
Lflj^aJU OljMll fliA *Jai £>( bit£*b t**JUaJ isUI .8 j* iij£> a{v f )-a{Uj) 



/ Oil .i^i jj> o£s K 



I* 



CJlT lil f( s )-f(t) <e 01 £-4 8>0 dUUa Osrjij < JTJ f 




5- / < 8 



s eK 




...,*„} Uj** j£w ifli 



^-fiii .pj (« ; .,v.) fclrfi aha <*t n j> j^v. jf 



7W. 



.Ax, <5 ^ tW. 

< 2M iA* Ja*-*i 



Ji 



t A 4 % Sj* OU^j J US' 0M . w ; . -J 



U(P,f,a) - L(P,f,a) < \a(b) - a(a)\s + 2Mb . 




J d) cm<f<M < \a,b\ J f e9l(a) Of^jdJ > > 

. [a,b] J/?e<R(a) Olil*u*[a,b] J h(x) = <K/(x)) j <[m,M] 

$ Of U: .£ >0jt* ^'AjJ 1 




5 



*(j)-*(0 




i [a, A] -J P 



(1A) 



J 



L/(P,/,a)-L(P,/,a)<5 2 . 

d^ycll J ^1 ^ Ol£i=£ w 



./? —J 




UjL*M Old 4 i€i4 -I . A/, -w, >5 CJlT \h\ i G B iM, -mi <5 



<2£ 



4 (> A) Jj . m<t <M iK = sup|<j>(?) 



5YAa,. <20H - w ,) Aa - <6 



ie5 



U(P,h,a) 



L(P,h,a) = £ (M * -™*) Aa / + Z ( M * -«*) Aa 

J E/4 



< s[a(b) - a(a)] + 2£8 < s[a(6) - a(a) + 2^]. 
/j e 9?(a) Of ^ Jju A iiAjA 1 0£ CJlTe Of 



ral Jj»l£sll ^1 




^'<[a,£] J / 2 eSR(cc) ; /, e 91(a) cjV HJQ) 



4 



f l+ f 2 e «(a) 



f(/j + A ¥ a = J/t<* a + J/2 J a 



r 6 



ffda . 



Op\a,b} 4 f x (x) < f 2 (x) cJlfbJw 

]f^da.<)f 2 da . 

J f e 91(a) < a<c<b cjISj [a,b] J f e $R(a) cjtf* /Jy (r) 



[c,^] <^ [a,c] 



Op\a,b] j\f(x)\<M CJlfj[a,b] J /e 91(a) 

f/Ja <M[a(Z))-a(a)] . 



j /G9?(a,+a 2 ) /e9?(a 2 ) ^/e^a,) CJlTUi^ 



$ fd(a x +a 2 )=l b fda 



1 



+ 



; / eft(ca) ^ ^ / g 91(a) 



fb fb 

I fd(ca) = c 



M^ t [a,i] JV^^j/ = /,+/ 2 ^'*! 



Z(P, /„ a) + £(/>, / 2 , a) < L(P, f, a) 



< U(P, f, a) < U(P, f x ,a) + U(P, f 2 , a) 



OUjf dtfu j^y, .s>0 j>y t/ 2 e9?(a)j / e9?(a)c-3iT lii 



01 (j = 1,2 P 



U{P }t f r a)-L{P n f n cC)<z 



\AJjs> , J° 4 ^aill Uyutf P 2 j JJU^f U lit J* ObLdi o jj> Jail* 



U(P,f,a)-L(P,f,a)<2e, 



. f g 9?(a) d^otjt^j 



bJ P_J\ lift ^jyJ 




,/, ,a) < J/</a + 8 =1,2); 



m- 1 



4 f 




\fda<U(P,f,a)< j/.rfa + {/ 2 da + 2z . 




•J O^, JdU Ob* jjJi tJA u* Mbi* ^ ^ ^1 iSfH\ CtPji °! 



<#<[a,a] JgG<K(a)j /e 91(a) cJlftij :bAj* >T 



J/tfa 



< 



ft | I 



i 



cj\T lit / 2 e 91(a) Ob u <«\ ^ & ; <K0 = ' 2 u ^ ^ 



iiikdt . / e 91(a) 



4/g 



/ + £) 



(/-*) 



/ e 91(a) Oi L*j ^ > hAji\ ^(/) 

I 



.(f) ^ 

uu*f lit 




j /<fo > 



0^ Ujlp 



f /</a| = c\ fda = j c/tfa < | |/|c/a , 



^1/ 



01 U! 



_j J unit step function l-J~J f > eJ^ y f l I <b J > :<Jdj"* > £ 4*1 



J(x) = 







(x < 0), 



v. 



1 

i 



(x > 0). 



<s J Sj^af <[a,b] J ^/ CJtf^ <a < j < h CJlf Uj :k& jj* So i*\ 



J 



i x 







a 



x 



U(P t f,a) 



! faa 



./V 



M,. 



4j ^ti) 



L(P, f, a) = m 




s 



^ ■ X, = 5' < X, < X 



b 




J 



} E c « , 1.2,3,... -^„>0 OfjtjAi'.hAtf \\ 



CO 



(YY) 



a(x) 



V 1 r' \ 



«=1 



(Yf) 



cc 



00 

iV-fl 



£ AT jb*j > Jl^U 



^(x) 



00 



.1 



I(x ~- s r ) 



s ) 

.1 / * 



.v+i 



N 



(Yf) 



i=l 



a 2 (b)~a 2 {a)<s 0( U 



(TO) 



f 6 

J J da 



< Ms , 



Ob (Yd) j (Y i) j» i a ~ a 1 -na 2 of u . M = sup|/(x) 



1=1 



<Me . 



00 



VtofjZJ . [a,b] J tf'e9? ^ Lry a,/^r a Oi j>jj\ :4Jfejy» W il 



(TV) 



f 



f{x)a\x)dx . 



(YA) 



U(P,a')-L(P,a')<£ . 



Aa 



a 




0^9 



4 



5. G 




1=1 



U . M = supj/(x)j ^su .(V) V ^ i^jA^j (YA) — J ^U- 



ft 



J = l 



n 



01 (Y5)^ 




Y /(j,. ) Aa,. - T / (5, )a'(s i )Ax 



1=1 



y /($,. ) A or,. < /a ') + Ms 



i — i 



4 11 




/*, a) < U(P, fa') +Mb . 



U(P,fa')<U(P,f,a) + Mz. 




0^> 



U{P,f,a)-U{P,fa')\<Me. 



Jl? (TS) Oil ^ ^ Ua ^ ^ k* 5 *^ ^ ^ ^ 



1-6 r-6 



f/(x)a'(x)^ 



< Me. 



Oil Xj\ yi* S j^lj 



(Tt) 



f 

Ja 



-b 



f{x)a t {x)dx 7 



^ *>jAj Obvi»y ojaai^-Jt O^jA 





1 



ai ^ < tort) ^ «^ 



dJi o( .J*-, ou J! Jj^ J*** ^ j,^ W afci, dtf a cjir 



8Jb- 





d >j,..» ^ji ujjjii J* ^ti xIm* jj^ 6y « J> 



<rr> 







, p (x) lil i£)t i?U p 5 




( rr> Oii < x, 4?UJi J 8j/ali w, Js#i <y ^ dUi 0\T lil «j/-f y 



(TO) 2», ■ 

w 

} 

j* jrt J* <oj^ 0"*) ^ ^ ( rr ) ^ ^ 

(Change Of Variable) (jj*^ jt#) > * ^ 

J P ^ • ^ / 6W(a) ^ ^ Lt/Wj" a 0fj»jzdJ . [ a ,b] 

^t*[A,B] Jg 

Orn) *C) = /(<pO0) , PCv) = a(<p(y)) • 

(TV) j>P = j>a . 

^i* Jj-aJ-i . x,. = (pO,. ) Of « [^,5] -J = {>o.-.>' l ,} 

^^^^ 

Ot, i [y^.y] 4 g UbJy-fj ^Jl jJi 

(TA) L(a,S,P) = L(P,/,a) , U(Q,g,f!) = UiP t f,a) . 

j U(P, f,a) qa'w d\ P jL>i Ot£.?u o^ t / g <R(a) of tf 

.ou»jJi J*&. ua, .js«tf (rv> oij g g<R(p) 
ui> iii . [^,5] ij (p' g<R of . p = a f . a(x) = x J^-tJ 



Integration And Differentiation J^UsJl j J^l^sJl 

.Ols_f Us* OlsJL* t jsi-L jt t l> J-i>lis!l j 

a<x<b Jj i^li . [a,b] Jf e*Rj& :kAjj> T ♦ t *\ 

= \ X f(t)dt. 



J ' x 



o 




F'(x ) = f(x ) . 



Jl Wt* !/(/)! <M of jpj&\ . o/jfo\j i f gIR of u: 



0^ t a<x<7<6 cjiS* tij a<t<b 



F{y) - F(x) 



\ y f{t)dt 



< M(y - x), 



F(y) - F(x) 



< 6 



h^y^i^ te3±-\ J tj) hj\jU\ jAjo lift 01 , 



y 



<s/M 0j& Of iiajyi 

.F —J ( iJkdi 



Of 6 > jls* c e > . x a* J j*s~ » fii'\jffjj\ 0^1 



/(')-/(*„) 



CJIS* lij cOil . a<t<b j c 



o 



<8 cjlf lii 



a <s <t <b jx -b<s<x <t<x +&i 



F(0 - Ffc) 



/(*o) 





1 







J[/(«)-/(*o)l* 



<S . 



The fundamental theorem of calculus 



[a,b\ (J J^LLlf iblall F MJl dJJL* Olf lllj [a,b] J f e$R CJiT /i; 



L>li<F' = f Oft** 



\ b f{x)dx = F(*) - F(a). 



oi ^ k&].Jp = {x , ...,*„} yjisJ* M> -s>o :OUjJi 



oi 



F(x,)-F(x w ) = /ft)Ax 



O^dUii .7 = l,...,n 



/J 



i=l 



0i» (£_) V t"\ iubjdl 0*i\ 

F(b)-F(a)-\ b f(x)dx 




<8 



. 01* jjjt jjau Oil tS > J&ut ^ Oi l£ 

(Integration By Parts) J*l&Jt) XX ^ 



^U^.G' = gelR j<F' = fzW <[a,b] JJ^UdlOl^JOUuGjF 



\ b F(x)g(x)dx = F(&)G(&) - F(a)G(a) - ff(x)G(x)dx. 

Oi^ .^dLVjH^ T1 «n J>j H(x) = F(x)G(x) 



Integration Of Vector- Valued Functions 

Oi Jjfi up t [a,6] ^ WjJ Ji'jtf a cjiT lit .R* ^ [a,b] -J >^ ^ 



ujtj OJU-\ «oa cj\T iij . ./ = l,...,Jfc i! ir-J^. /, 6 31(a) ^ ^ f e«(a) 



(*/,<&,...,(/ 




«ii J*«J >t <% idjAl 0* (— ») J (fc) <0) 

^ .^jb-j JT ^ iiUi gfldi jJsJ ajflrf fjSi 4 ^ 



«\ t >V ;"\ OLAjd\ « ^ 




[a, 6] J f e 31 cjtfiij <R" J [a,b] j f ^ ^ '-^JV 9 ^ * ' ^ 



ff(0* = F(6)-F(a). 



f g 31(a) 



f | s 3i(a) ^ tkfc* \a,b\ J a 4wV J'j^' 




(/,+•••+/;) 



2x1/2 



^ ^ Oii t«R(a) J! ^ ft ^ J> * W ' " ^ 

jJUrl Sib Of & W ct < X — 




5y U t «\ IsAjsll J^ky. lit 



M <[0,M] J 




,/«ijsl 



J/c/a 



y 




(it) 



l^/y(0^|y|f(0 



(a < / < i); 



y ^ y 



^ (IT) ^ *V *y * ^tf ^ Cr* <* ' > ^ 




CJtf »i» 



y 



Rectifflable Curves ^ J> «* ^ 



oii jea (kjr-^ 



3 -ill jit o/^ 



Y(») 



ejjx, j* ^ A* ^ ^ ^ Btf u ^ °' ^ 



Y 




JLiJLnsJb 



j *ay Vjr ^ u J ^ 



50*5i [a,b] 4 Y ^ J^- 

A(P,Y) 



jolt ^JB disfi JU UJbAH Ol^ll 





(y(x,)-y(*m)| • 

,(x.) 4 ^ ^ ^ J> * A(? ' X) 



A(y) = supA(P,Y) 



5 



. [a, b] OUjijdl li y-U sup — K Of 

.rectifidble Ujb liii y Of jyi Li£ * A(y) < oo cjiT til 

ii» y. «J>- . ylfijl J^tfcll ik-tjl i*J&» A(y) 0j& t oW Ja* ^ 



.4 




Y 



A(Y) 



Y 



'(0^ • 



Op t or <, x, <x,<b CJlT lit :£lft jJ» 



Y(*,)-Y(*m) 



r y'w 



< 



y'(0* * 



Oil 



A(P,Y)<jV(0k 



tdAIJJ a^i . [a, 6] JPiJ/ 

A(y)<| \y'{t)\dt . 

^ «M] ^ f to - l y*-* y' of u: . 8 >o 4 a*-&Ji fc»jJ 



01 




i 5>0 dOUA 



j-/|<5 CJlTiii y'(5)-y'(0 



< e 



CJlT lit . / £Jr Ax r . <8 Of t [a, 6] -J «j£ P = {x , •••,*„} O^ 1 



Of $a ji diJi Op c x,.., < f < x 



Y'(0 < Y '(*,)+ 8 • 



Oil 



y '(/)|dif < |y '(*, + e Ax,. 



•j-t 



[y'(0+y'(*,-)-y 



\t)\dt 



+ e Ax 



< 



f Y V)dt + f [Y '(*, ) - Y '(OM + 6 Ax, 



^Iy(X)-y(*m) +2e 



f|y l (t)\it < A(P,y) + 2e(Z> - a) 



<A(y) + 2s (Z> -a). 



Oij .o'l >ip cjiT 5 Of u: 



£|r'(0K^ A (/) • 



HV - 



EXERCISES 

</(x ) = 1 a a* 3^_» a <a<x <b \a,b] J ^ a £>( 
. j/Ja = Olj / s5H(a) Of J*j*ji-x* x cjiT tit /(x) = Otj 

Ot ^ ^ . f/(x)</x = j «[a,ft] J lj*-*f if>0 Of -Y 



J 



4 



y = 1,2,3 Jl Ul( x>0 cjiT 



ti 



i 



. [-1,1] jlj&lltofj* . P,(0) = ^ , P 2 (0) = 1 , P 1 (o) = o 

dlJi Obj /(0+) = /(0) CJlT JfuSi lit; tit / e«(P,) Of J* (() 



0' ii cSiJi 



. p 2 _) i4Ll-» 4*,* JLftjjj 4* pi (V) 

a* /cJlT Jd» liij lit / e W 3 ) 0? ^ ^ (£) 



J/^ 1 =J/^ 2 = J/<flW(0) • 



t ^ J*j- ol^A'U Oj^j ^Jij Lf^ 4JbO* ^k* ik-ilj< P ijatf Jl£^U :£-<^ 



. [ ^ ^t ^.dUiOjll] .x e[a,b] &± f(x) = Q 
p ; (x) = l , x<0 CJlTiii p.(x) = p 3 ,p 2 ,p, JijiSWJ JjP -r 



* f 3 e9* Of U^t i it <->\jir\ js** J*j* f e ^ 



. [0,1] 3 f em 0t ^ P Haii 3^~- ^itj [0,l] 



.c> J& [c,l] J / eft Oij (0,1] J UJfe- <Jb/0i y/h -V 



= lim tf(x)dx 

J^jkJi jit ji J^^JD d^yeli to* of » [0,1] J / e$R cjiT i ji (f) 



0_£j Of J ji* lit j-^Jt t «ij»ry O/jiUll Of d-*/iluJl («^) 

Jy. .SajttaOfisr b>a [a, 6] J / e<R 



= lim f/(x)A 



iU} Lip « I/I __j/Jjl^-J Of J* Uif ^jl&i OlT lij .^jUa tf^-Jl i**- 



.2ilk* fij^aj e^jli^ 

^ ^ oV I 1 . 00 ) 4 c^^/^b /(*) ^ Jf jM> 

/(*)<* 



OO 



?i=i 




^L=pt jOi]l o^l£di J* «j*slt< J*£sil O^li *if o* 

OjT c^uLi oW^Ii ipL^! pi) .AjV oyiy^ 1 J Ujidi "improper" 

Of Jliil J^-. ***** 



<°cosjc . sinx . 
ax - -ax . 

° 1 + X Jo (1 + x) 



of d-* oyry OiA^- oy^ ? j o^ 



1 1 i 
— + — = 1 . 

p q 



O^s <v>0 j w>0 CJtT lii (f) 



UV < 



+ 



P 



. u p =v q CJ\TJaii liu tij 




jcg>0 , />0cgeSR(a) , / e«(a) cJlTiii(v) 



J /'Ax 



1 



I g q da 



f/g</a<l . 



0l» 



< 




f da 



Mp 




g 



Vq 



da 



p-q = 2 0j& UwLP . Holder' s inequlity jjJ j* ^ 



.Aj V ow^Jl J 



u 



\ 1/2 



dHi iyLs* ja^j <f,g,he 9t(a) Of ^ 



/-* 



< 




+ 



/2 




* * 




< 8 Of £-4 [a,b] J g 5 alia iULa Osr ji am J* 



Jf i [a,b]-li t "\*itjlP = {x ,... t x H } j& 



git) 



x. -/ 



I 



Ax 



/(*,-») + 



i~\ 



Ax, 



/(*,) 



<Jf <.u e9i(a) -J • SJi'jw ilia a -> 1 



/- 



A*) 



. x,_, < / < X,. £ 

sm( t 2 )dt . 




. ^ > o cj\t (it < i/x of ^ ^ 6 

SijL^ jc) Of ciij^W Jdf j f 2 = u 



cos(x 2 ) cos[(x + l) 2 ] 
2x 2(x + 1) 



cosw 



4m 



3/2 



. -1 —i. COS. « J^M-- 1 



2x/(x) = cos(x 2 ) - cos[(x + 1) 2 ] + r{x) 



^ (^) 



.as(U c ) |r(x)| < c/x Ot 




<? i-jjVis r$in(t 2 )dt Of J* 

* J 



x+1 



sin(e t )dt . 



e 



\f(*)\ < 2 



e*/ (x) = cos ( eI ) " C0S ( eX+1 ) + r W> 



£>tj 



■ 



iatt C ,*0 » |r(x)l < Ce~ x Of d 



/(a) = /(*) = <> .[a, A] J >^ W» 




i)b/Of 



J / 2 (*)<* 



x = l • 



f x/(x)/'(x)</x = 



1 

2 



> 



1 

4' 



1 1 < 5 < 00 -J 



* 1 

Q(s) = 1 



Tyfl 



5 » 



»=1 



JijS Lf\ J** Riemann's zeta Function J^UjI b) 2Iu oa*) 



TO 



as) = s[ -^dx (i) 

Of j 

r» x - fx] 
<C(*) = 7-4 — 7h"^ <*) 

5-1 ^ X 



. X > iOP J» yjj [x] Of ^ 



. £(s) JyJ jit C^L-L .- .iH Mh -i 

= G'(x) j ,3^-. 5 t[a,6] J ^ a Of - \V 



^ J*0*j>- - a<x<b 
\{x)g{x)dx = G(b)a{b) - G(a)a(a) - f G</a. 



Oi .^,)Ax,. = G(x 1 )-G(x,_ 1 ) Oic^ / e(x j _ 1 ,x,) 



n 



n 



&(, )«(/, )Ax, = G(i)a(6) - GWaW -SG(x H )Aa, .. 



7 = 1 



7 2 



<j)(c) = a Oi t [a,6] J 



^Ju Olf iai3 litj lij <U»jS Jjfc jgd L^ua jl ;l£U* L^ci* j>J 



[0,2ti] J Jyu k-f tfji-il J^l~»u* 73,72,7, j& ~^A 

(jjk #el 7,,7 2 OSj trfjdi (j-ii dike SJ*teJ» OL^ii* 0UA 01 ^ 

jgd 21»13 y 0U t47T *» V, J> Olj t 271 J» 7, J> Olj *U^-tjJ 



^■•■,,.4 uyai <J> j£=J t [a, 6] J \iyu> tR k J W^* 7j j&J 



Sequences And Series Of Function 



Discussion Of Main Problem ^Wj* 



Jp~£i J iiydi Jijjdi yt* c« = 1,2,3,..., {/„} ^ :< -*0* 1 ' 



V 



^j* jJbj uo* .x e£ Jfl ^ {/„(*)} ^ ^ 



0) /(x) = lim/„(x) (xg£). 



jiT* ob-^wi ^jms-j Ol^Si ja* J .limit function, of {/„} 



0) CJ\T lii "£ J pointwise ( l»Utfi ^ sf& ^"{f„} dj*J 



00 



(t) /(*) = £/,(*) («£), 



y n j \s ^jui-i j*4 ^L* S ^ ^ WjJ' ^ 



lim/(0 = /(*)• 



U\>J Ji jJJ« 2***!' ^ »*1 W Jt-S '^i 



C r ) Km lim /_ (0 = lim lim /„ (0 , 



d\ oguJi u^y oi iu»jo fjb Jj-i diJi a* .a^t ^ di)i of Oj^ abi** 



"double sequence" "V^ 1 ^ r u«* 'J*-^J <^ ^ 



^ n = 1,2,3,-,'" = 1,2,3,.., ci! : t <V 



m 

S m,n ~ + 



4 ij\i « 4UJLP 



O^i dJJi) 



(t) Hm lim j Mi(I =1 . 



lims m „ = 

n->co 



o£ dOU 



(») 




00 



00 



\ 



/(*) = £/■(*) 



n=0 



2\n ' 



■1\ ix^O — 1 ./(0) = bJl 0^» t /„(0) = 01 u: 




(V) 



/(*) 



fo 



1 + X 



(x = 0), 
(x * 0), 




u» = 1,2,3,..., *r-^ * tV 



/ (x) = lim(cosm!7ix) 




\aop mix 0*£> 



/(x) = Hm/ m (x) • 



UiiJU./M = tot < m ^Jr / m (x) = * -! V-^. 



lii l 



w U Of ^-!>U uy iJ p <J J /? 



iX = p/q JaJ 



Oil ./(x) = 1 OLi JJii tCJlT 



(A) 




cos wl/zx) 



2tj 




1 



JS* X), 

X), 




2j> JJb J* Ubw j3 u$ 



(n = 1,2,3,... M> JO ,/„(*) 



sinx 



j^J J la* tV 



J 



/(x) = lim/„(x) = . 



/'(*) = 4ncosnx, 



/;(0) = 



+00 



0») (w = 1,2,3,... 



, 0£x<l) / n (x)=« 2 x(l-x 2 )'' . 



lim/„(x) = 0, iijfa «0 < x < 1 J<! 



Dj ^ 4 / n (0) = OiU .(J) Y ♦ <r i* nil Ai L-JU 



. (0<x<l) 



lim /„ (x) = 



4 * * ♦ * 



i 







x(l-x 2 )Vx 



i 



2« + 2 



0\J <0 ^) ^jll ^Uj cdiiii 



ft 



2/2 + 2 




+00 



00 Ujup 



lim f / w = lim 



1 



2/? + 2 2 



5 




4 



■1 












J! jaJt OiUUl* j CiUttxU 



Uniform Convergence Jasdl ojUxJl 



^Jis^ Sjj^^Ma « = 1,2,3,... *{/„} JijjJ» ^ oj J>a V 
01 JV U^sw bop diJu usrji s > Otf* lij / Jluli &\ E £ uni 




(SI) 



< s 



u^l&f {/„} CJlf lil s « > N CJlT !il (> Y) 01 <LJ, iXjeJ* JUa* 



.at e 



If iil £" J h&*> » }J ^. ]£/„(*) o^LJL^ii 0J Jjij 



_J if/il {^J UjA-l £>\*yJr 



n 




.E J ideal* Ojj-aj OjUfctf 



% £ ^fr-f tfjjMt' t/ 1 {/„} J//J 1 / jy» A ;V 



xzE,n>N,m>N Of <l-4 N I***** bJfi jMLa J*-jj z>Q J& Olf Jaai 



0J J J &jt 



< S 




|/„(x)-/(x)|<- 



.x &E.n> N.m > N CJtf la! 



iJl=dl Dlj . ^ S iT Jj&jdi Jl bl^! .jifcy ^J&< JkyJl 0) ^ ^ i^^UiU 



Llbdl Oil dUoi ./(x) 




1 i^i Jl OC {/*(*)} 



Jftjw diJi O'i cm -» co Uju* / m (x) -4- /(x) 0J 



0*) 



J 

1 



\J n\ X ) 



f(x)\ < 8 




7- f j 



lim/„(x) 



r— >oo 



= sup|/,, (*)-/(*) 



xe£' 



^ 



• a. ^ ' 








J! 






.Weierstrass 



v c )7 



) 



!/,(*) 



m 



<2>,<e 



(x e £), 




Uniform Convergence And Continuity 



lim/„(0 = 4, (» = 1,2,3,...). 



OX) 



lim /(/) = lim A 



Tt 



01 



1 




f *- 




lim lim /„(0 = lim lim 










^ * 



n m 



./4 



(H) 



f(t)-Azf(t)-f n (t) + f u (t)-A n 



+ 



A- ^ 



01 « jt* 



f(t)-ut) 



< 



3 



01 d^j -(i u " 1 ' <-> jUfcJl bla-tl dlli 01) £,Jr 



0") 



< 



3 



/„ (0 - A n 



< 



8 

3 



/(0 - ^ 



<6 




.(^ >\) Ui& j«io ioa 01 . t * x , t eVr\E tojfc 01 ikiji, 



01 



01 



c^v,,-* ilb «_JjlisJ oJ 3 ^*s-il Jl jail i-!l=y> 01 c^f < bv*~o <_rJ ^r-^ 1 




i iJb- dUu Jbrjj j£j .( ^ c V tojdi 




6 ^ J J^J/ J/^u//^ {A} 0) 

<-K & f i^Jt Mi Jl fa {/„ } ( 

1,2,3,.- ,xeK /„ 00 > /„ +1 00 (£) 



Lkii g" 

** O ft 




<J 





01 jAjO 01 Up ^ 



ic .g n (x)>s V 0/d x eK K„ ^ -s>0 




J? 01 



Ot ix .( To cY liAj>li ) 0j£s Oil t(A ;£ hA UIaa Oti <3 
lii x 01 ^ eg, ->0 OJ U .* eK & -K n z>K n+l U*oS >g„ +1 
.tejli 0j& p|iT„ ctfj*( U£ . x gf|A: n 0\i «±JLSJLS .SiU^ii A-i u: Sjj^ n cjiT 

o< g„(x) <s 01 ji dUi .(rn cY jv j**! jm 0j& oij 



\f lil 4 <Jdl J--1 ^ .lift U^jjljJl J j» jA\ 01 Ja^-^U 



(« = 1,2,3,...; 0<x<l) 



/.(*) = 



1 



»x + 1 



.Ute* ^ <-JjliJi jfl j c (0,1) J WjJ /.(*) 40 0^ Uu* 



norm 



sup|/(x) 



CJlT til Jai* 11/ 



01 *-i>i^i ^ -ll/H 00 ^ ' t / ,, j=»^ lj . / 01 tt 



b\±ih=f + g CJlT lii . / = CJlT lii Jaii 01 < x e X /(*) = 



h(x) < f(x) + g(x) 



< 



f 



+ 



g 



Oil hx eZ^rJr 



f + g 



< 




+ 



g 



^^}i4f-g -i ge C{X) j/ s UUi cii^ Ui lil 



tfsdULuJlJ C(X) LUrJilMOjZ 

ijlslir^ t V 3j» nil apL^ fate! 0l£»?lj 



JlS /i/, /i y ^T(AT) -J ^/ jl** UJ f Ji ^jlte {/„} 4/^/ 




*£&2/L, I alii ui^-f ^jwJ /f(JT)UUii VjA-l ote^i 0£ tdiiiJ iiUs-»i 

its Ja^ii V-i^ipi Ly *~j Ac ^(X) ti^j cuniformlclosed 

JJ^aj ^uniform closure 



Ji bb^-i) dUi .m> N j n>N CJlT lij ||/ B -/ m | < e i)\£~AN diiU 

^^^^ 

Jj^flj {/„} o_>li=J ^Jlj X jlkdU / *Ju)\ dULa J^rjj Ail (A <V 

j£j f n j iX eX \f(x) - f„ (x)\ < 1 Ofvi-* » AUU* ^ 1> 



boJ o£ J Uiiu 5 J>a4 /„->/ 01 icj t / e C(I) Oil 








Uniform Convergence And Integration 



( [a,b] J /„ eSR(ct) Of^f .[a,b] J Uj Wj* a o& ^ iV 

Jp' to^? .[a, A] J /„ -> / Ofj^j^ij <n = 1,2,3,..., Jy 

j<[a,b] JfGft(a) 



lim r/.rfa 



./ n U-^i JijoU i-Jb j»j}J 01 :00b jS\ 



S 



sup /„ 00 - / 0) 



f .a < x <b Jy iy-u sup —If ^ 

/„-e„ </</„+£„ 



0<lfda-jfda<2s n [cL(b)-a(a)] . 



gs* ifti (t 0) -J jJaJ . / e 91(a) <ty diaJ 



(n> £/^a- j/ n Ja <8 n [a(J)-a(a)] . 



00 



00 

6 



71=1 



Uniform Convergence And Differentiation 



{4 



cjiT .[a,i] jx ( ^ Ji ^jLto {f„(x )} of 



t / VijJi Jj [a,Z>] J ijj^ ujtia {f n } Op <[a,b] <J ZJom ijj^ 



(YV) 



f'(x) = \imf n (x) 



(a<x< b). 



J 



^ im>N m>N ii\£~fiN jts* .s>0 Jbs-LJ :Ol»jJl 



< 



s 
2 



/:(o - /: (o 



8 



< 



2(6 - a) 



(a<t£b) 



/.(*)-/.(*)-/■(')+ /■,(') 



X-fS 8 
< < — 

2{b -a) 2 



iy.Ui i>\.m>N <.n> N cJlTii} t [a,6] Jtjx^H 

/.(*)- /« (*)| * I/, (*) " /* <*) -f.M + f m (*o )| + 1/, (* ) - /« (*o ) 

(a<x<b,n> N,m > N), 



/„(*)- / m (*)< e 



j& .[a,5] J Uuu 5^ {/„} op wUJai 
/(x) = lim/_(x) (a<x<Z>) . 



<M0 



/„ (')-/.(*) 



fit) -fix) 



t-x 



(ft) 



lim<)) n (0 = /;(x) (« = 1,2,3,...). 



oi (r *) J J 1*511 i^.Ui 



•MO -*.(') 



< - 



8 



2(Z> - a) 



(n>N,m>N), 



«/ ujliJ {/„} £>f U: .* * x Jl WW ^ W 4 * {*„} ^ *M 



of (r^)^ 




rrn 



limd) B (0 = (|)(0 



.t±x,a<t<b M^i 



lim({)(0 = lini/;(x); 



r->x 



n-»oo 



.<|)(/) ciij»J <(* v ) ^ 4jA J 



2La jjJLij n *V jLu^L dllij j-Jf (tV) h*jt £)^W 



J^LidJ IIjJ C^J fJJJ-l Jail- 1 J i 




■? 4 #0 4i//L» a?-jw :hA jj> y A tV 

:0L»jJf 



(ft) 



cp (x 



(-1 < X < 1) 

*Js> SJJ^I X £jJr (|)(x) *-JJ 



cp (x: + 2) = cp (x) 



t j s j£l 



(™) 



cp (5) - q>(0 



t 



00 



n=0 



J «j>^ ojUd (TV) iUuJ,( Of Cft^ ^ cV 0\» 4 < (p < 1 Of tt 



(fA) 



6 



1 x-m 



m 



±±•4 



to* Oj .4 W (* + SJ j 4 m x 



Y 



9(4 n (^ + 5J)-(p(4 n x) 



I 



5 



m 



. Yj| =0 O^j dUOJ cWjj l^w, im* i>/j 4"6 ffl 0^3 t « > m 0^ Ua* 

7J 0j& 



y„|<4" of^u Jjj(rn) o^<o<«< 



OS 




Y 



4"* 01 u 



/(* + 5J-/(*) 



5 



m 



Zlf) Y„ 



«=0 



m-1 



>3 



m 



2> 



n=0 



i(3 w + i). 




0,7W 




Equicontinuos Families Of Functions 

J* o* ou n t r i^j>ii J ufc*-^ 



- 



.EVyJrS j JljJl ^ JJ^ {/„} 1 ^ iV 

cjiT lii £ ^ pointwise bounded lk& »jloa if\ 0i Jjij 
J (j, L^ii 5Jb urjd OlT til t £jf $\ lX e E 5jUu {/„(*)} 



in = 1,2,3, . . . 



3 



■ M * 



Hi* 



M Ujs> JJUa otT \h\ E J uniformly bounded flfalt i^M [f n ] o\ 



i 

(w= 1,2,3,... ,xe£) /„(*)] <M 



j* J JLiJJ illi o> 2*^ £, j £ J Lkii flJUw {/„} OlT lil 0^1 



O^U .x e£, Jfl ^ {/„(*)} ^ ^ {/„} ^ *1 W» ^ 



(77 = 1,2,3, ... ,0 < x < In) f n (x) = sin nx 



j£i t^jt&J {sinn^x} Of {»J i-Ibu dUu* o*rji 



h(0<x<2n) lim (sin ^ x - sin n k+l x) = 



Oil 



(£») *(0<x</r) lim^in/^x-sintf^x) =0 



ujJ Jbjiisli ^Ubdi J^i& ^i-fl^ Lebesgue's theorem «±U til ta^" 1 

(£1) limr (sin/^x- sinn^x) #x = . 



01 sjwy Obl~*> j&j 



2n , 

(sin/^.x - sin^ +1 x) dx ~ 2rc , 



J ^Ikjb SJLiil ajfcsdl CJtT lij tdllaf Oj£> *tf o5 UA OU joUJl UlU .f&^H 
30-£a Oj& 0? OjJU ^jlisJ j£ SJJii* Jl jjJi Lllsw OU V ;% jw) .J-*ijS* Ipy^ 

JljjJ^ SJlsd JadLl cJjlisJi Of Ja^ Of /jJl H iiLu jcaJ l^SCSj 



.(/? = 1,2,3,... ,0<x<l) 



/»(*) 



X 



x 2 + (l-«x) 2 



dUiT . f 0,1] J » tkuU Sog&i {/„ } «ty dilJU . !/„ < 1 0£ laJ^ 



« (0 < x < 1) 



lim /„ (x) - 



J n 



i 



[0,1] J f UW\< ^ jl&J 






^1 «Jj yelU <UJi5 



8 > dlil^ jbrjj s > J£i »i| 2? J equicontinuous gjLJlj 3j4z~* lib J15j 




f{*)-f{y) 



< % 




mi j v> j/j^ ^ *+* w ^ y 1 r tV 

ja vjtia {/*(*)} of ^ {/„} tf^y {/„} *» ^ 





^U* »^ {/,,(*)} '{/u} * ^ ^ J ^ ^ 



/l.2 /l,3 /l,4 
/2,2 A.3 -/2.4 
Al /3,2 A3 /},4 



.n = 2,3,4,.- ^ - i ^> ^ </ 5 » (!) 

0( 0t£»^ {/„(*„)} £>J) *->«> UJ^ ^ ; \2* {/„,*(*„)} (M) 



^2,2 ^3,3 ^4,4 



t * * 



^> aj\^ o/j ( jjSi n -1 -!» ^ s y^ 1 °^ '(c) ^ bUi-,i 

ujlp ^jUtf {/„,„(*,)} Of Ji <v) £>ij , ...» = 1,2,3, ii ir-J^ iS n -J 




CO 



hjL^A dj& [f\ Op LsJ^ <K JfU&l* UjIaj {f n } CJ If I it j in = 1,2,3,... 



N 




01 




(n> AO 



\fn In 



< S 




01 5 > dllL* Jbrji 

1 

/ 0) - f t (y)\ < s 



.d(x,y)<5 j \ <i < N CJlTiji 
Jl <oji dUi 0V» <</(x,j>) <5 j n> N cjiT lit 



< .58 



/„ (*) - /„ G0| ^ I/, (x) - A (x)| + 1/„ (x) - A ( y) + \f N (y) - f„ (y) 

.k» ji\ jA jo dlii 0\J 4 (t r ) £» 01 j^'sm 
J/ W4- f n E C(K) CJtf tltiy* K cjiT Hi lhAjiA Yd t V 



Iaji* ( K J Zijij**~>yi kjL-^j LMt+v {/„} cJif Ujj en = 1,2,3,... 

<JT JfUteU iJ-j* {/„} (t) 



Old 




itt <V Jujxti itfj t 8 > jtdij 8 > 0) 



/* (x) - /„ 001 < e 



.<i(x,_y) < 8 0j& 01 ilaj^i « AjjJr 



Ail 




ilkii »jlJa {/„}0i U .d(x,p { )<d Sjb-ij jp. JiSi ojrjjx e£"J& 
CJlT lit n gJr \f n (p i )| < M, 0i' M,. < oo di/L* Urjt 

Otj ua* t A/ = max(M ,...,M r ) 



.(1) jAjU lift, .X 6 A" \f(x)\<M + s 



^Ji V(x,S) j£J tOUbjJi \Juk iiiAj tj US' 6 > jtaij <e>0 



ii\^Ed x„...,x m JpUSJij* Wf^bop viAJu 



<«•) cF(x l5 5)u-uF(x m ,6) . 



(^) g,M-gj(x M ) 



< 8 



.1<5</m ,j>^ ,i>N cjiTuIT 



<8 



0} (£ -\) ^* guuJ < ; > JV j CJlT bl .7 J<J 

ft (*) - ( *)| * k (*) - & (*, )| + k (*,)-*,(*, )| + k (*«) - (*) 



< 3e. 



The Stone-Weirstrass Theorem ^/l jij -0j£-> 



^ Ji/L» <[ a > 4 ] ^O 4 '-^j!* ^ <V 



P ijjJ-i CjMJjca 



lim ^ (*) = /(*) 



Uuf ^yii j .[a,6] = [0,l] Ob tUj**Jl J OjL-> ^ Oj-b iJffj&Ji '.d\AjS\ 

Ja*-^ t 1l\i*\ oai kAjL\kAj>f lit 4jS dUij . /(0) = /(l) = Of 
*(*) = /(*) - /(0) - x[/(l) - /(0)] (0 < x < 1) . 

i }J*A t,)bd AjUS* g Jfi J f ik-iU Olf lijj 4 g(0) = g(l) = La 

/ O^i Ujlp .[0,1] x —1 Oj£J /(x) (Jj*; cdUaJ SiL>} 

. JJ-i Jjfc J* f Ufa)l< 3 ^^S~« 



(£V) (« = 1,2,3,...) 2„W = c„(l-x 2 )", 




(£A) (« = 1,2,3,...) l',e„(# = 1 



-1 




x 2 )"</x = 2 f(l - x 2 ) "dx > 2J (1 - x 2 ) n dx 



•'o 



>2 n-«x 2 yx 

* 



4 



3^' 
1 

> 



OJ (£A) 



2\rt 1 . — .2 



(l-xT -1 + /JX 



i>\» t ^ > ^» ir-Jlj (0,1) J <Mr^ Oj&j x = 0±fi jU <£jLj <slij 

Jl <«jJ (£5) 



W 1^ > 

I — — 1 II I P n«— mi p II | n | I ^ mzp^^^^^iMJM^^W}! i miiiw^i 



(5 



< 



£1) 



<2„(x)<v^(i-8 2 r , 

.8<W<1 Jf^V 0„ 




(OS) 



(o < x < i) p n (*> = \\f(* + oa (o* 




UJU»1 jit Ot 



1-JC 




/ 



*1 ^ a >* 



< 5 Of ^ 8 > m» *b > 



/O0-/M 



< 



2 



iL-Ju Ail ^ '2 n (x)>0 Ojfj (0 »(iA) .M = sup|/(x)| 



^ (*)-/(*> 



< 



l\f{x+t)-f{xp n m 



< 



2M J Q n (t)dt + - 1 



2>-*Q„{t)dt + 2M\Q n (t)dt 



< 



4MV«(l-8 2 ) n 



+ 



8 

2 



< 8 



St 



P ZJJJ-i }jjJ~\ oiaj^ja IJI=» dill* Jtsrjj [-a,a] »s*J& t V tV 



of P(0) = o L>f^ 



lim P n (x) 



UJLP P * (0) -» cjf^dM 

(w = 1,2,3,...) /»„(*) = -P. * 00 -V (0) 

geA ,f e A fi<cf z At fez A (ii) tf + ge A (/) CJtf" lii algebra 



j (« = 1,2,3,...) //cJlTiii 

.uniformly closed f ifcilj 4 f ^ /« ~> / 

Ujup . //^*\aJ fllasilj Jbjtfw OlJlsl OU> ^ ^Jl JljjJl 4P>*# ^J^=l 

. ( > £ < V ui*^ ^rb) (uniform clouser) A -I ^ J**Yi B J* j&i 

h* jy. XpW tkj* S 3 J*^' cj\>j*j Op Jteli Jw- 

Jasdi iftUW ^ [<z,6] Sj^ 1 ***** °i Jj 3 ^ i/i^jO 

[a ,t>] tJij^obJUw 



l»iksiu oojUb. ,#Jb* <-g^B, f&B air lii :01a 

f^^^! S„ e ,/„ e j -> g,/„ -»/ Of ^ {/„},{#„} 



.ij^r ^ ^O^idUil cc/ g B J, jgz B ,/ + geBC)i\ 
Jbrjj x tJ x 2 gE JiJbnli J?l&h rjj j£l OlT lit £ J separate points $m>Ua 



•/(*i)*/(* 2 ) W vl^ / e // ^ Uku JJb 

Lili 'g(x) * £)( C-Jt g e A 14 tile* alii dUu* asrji ie£ OlT lii 



.2s Jptt ^ iki jlp vanishes V // Ot Jj£ 




f( X l) = C 2 . /(*l) = C 



1 



*(x 2 )^0 , A(x,)^0 , g(x,)±g(x 2 ) . 



v -gh-g(x 2 )h , u = gk-g(x l )k . 



diJoJ v(x,)*0 ae w(x 2 ) * 0, u(x x ) = v(x 2 ) = 0, v e/f,«£/f 



c,v c,« 

1 + 



v(x, ) w(x 2 ) 



iJbjd Stone's generalization £>jb-i kjW ^WjSi <^ ^ 

.weierstrass ^j^jij 




Jr! A j& : Is* H 




T 



,|/| e B a$ </ e ^ cjiT : > 3 



(•V) 



(xeAT) a = sup/(x) 

bu*i JJU a*«tV ;VJ*wJi JtbL^i .e>0 a>ui j 



(-a < y < a) 



ft 



1=1 



1 



y 



< 8 



JUuii Op ilos* ^OiU 



1=1 



bjJ 4(df) j (»t) til bis-i ■ ^ J ^ 



- /(*) 



< e 



/ € oi oy. op Ubu # oi ic 



.min(/,*) e £ j max(/,g) eBWigzBjf e ^ CJlT lij :t 8jfaiM 



< ii A\ A Hull tilto max(/,#) 



h(x) 




/(*) 

g(*) 



/(x)>g(x) < 
f(x) < g(x) c* 1 2) , 




max(/, g) = + — 



gl 



min(/ , g) 



2 

/ + g 
2 



2 





2 



j «max(/„. ..,/„) e '/,, -,/„ g £ 
min(/,,...,/„) e ^ • 




(Ot) 

ujJ dJi J«j 



0\3 



,(0>/(0-8 



JO 




(Oft) 

Old 





a; 




(on> 



■MO >/(')-* 



(OV) 



KaJ v u-uJ v 

/l 



g(x) = max(/2 . . , Z» ) • 



^alUJ-t dte g x i>\& (©V) (0«) olfcWlj <g ef3 <-Y 



JiluJt dUbA ^ <e>0j JT J o_^-Jtt /i-M^ 1 auli j*U 



Oi ti-£ /j e B 



(OA) (xe^) 

r ij^J> eJu» 0\» cftfasjlj iiU* ^ 01 U 



(OS) (/eF.) S,(0</(0 + e 



(V) u-uf; • 



A = min(g ) . 



(M) (/eX) Kt)>f(t)-z 



( 1t) (fe£) h{t)<f(t) + z 



til J 1 * ^ °^ ^ ^ ,dlJi 

tJL* Ot . self-adjoint £/i hj 1 *" A °i '^.^ J»J ' 4 ^ 



ft 



. C{K) l&ofs A tysSjd 



t 2« = / + / Otf lAJLP tgyU^ V,wOl </ =W+7V J / 6 / CJlT lij 



L^^«0 = «(x 2 )?t»(x 1 ) = l W!*/(x 2 ) = «/(*i) = 1 of^/e// 
<g e A u**i* g(x)*0 d* , x gK CJlf lii .K J SJLaisLt J»ULJi ^ 



0\» ./ = u + iv,f = Xg cjiT lii a^(x) >0i^l liOi* bOP dllL* 



JT ^tfi ^ &ii SjT a* ^iat *i A R Oil s w(x) > Oi Ji ji dUi 
Jta JT 01 Jl dii ifi)t TY cV JuAjdi oU>> ji* //^ Ols dUJJ 



If j> 1i\*f cjiT lii . B ^ & Oil t A R -J (j^kiHJ ^ ^ 3 




J^j iJlaj . / e B d'4 , v e B, u e B Ia-up ( f = u + iv <K 4 5 




EXERCISES jtjti 



00 




i 



1 + X 



Cs\ jj l^Lj ?ptibiU uJjtfsJ Ol ^si cilij fjUw JJfcsil Vjl&J X p-3 J* 

/ Dl J> sybil <L$ (->jli; Ol&i J « j»s-* f 0j£ J* ?f»&^ H 

•?«JLi» 



/ 







X < 



sin 



X 



r i n 

< x < - 







1 



n 



< X 




r 




S(-D" 



Y 



.allaiiU OJLit j& flO-i* JljjJ flkab itjlty 2Jl=-» t)! JlP jA^ - 

( 3jl« JljaJ cjUIsm {g n } j{/„} CJlT lij MillJU UU1 J flferfl< c-»jl£J 

£ J f U*ib {/„£„ } Je jkj 
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X 



(xef/), 



• gs C'{V) W 



:fc» jdl ^las-K fi\ jv*)l J} J-al Lip ;OU j&t JSJL. y = f (x) 2bUll LL^ 

*J I* SjjA^ 5jjl£ jfcli* Jl y j x lii^ lil 0>„ ij^ X,,...,X„ Ul! 

^ jj>UiU JULlij eo-s-j Oj& JjU-» Op i b jaJ 



. 




1 



l-^ « a U y> iU a E ~**-jpu>l/ dAiL* o*-^. <a 5j*i~» f Ot tt 



01 



(tV) 



f'(x) 



(nell). 




(£A) 



cp(x) = x + ^T 1 (y - f (x)) 



iiydi t cp UiJi y e R" JS^J y 
(x eE). 



_JsJL*Lfi ikUx CJifJati HI j IJJ f (x) = y OftAry 



J\ ^ (iV) _j (t%) 0\» ^'(x) = I-A-'f'{x) = A-\A-t'{x)) 0i 



Of 



cp'(x) 



(xeU) . 



Oil 



|q> (x 2 )N 2P1 _x 



(x,,x 2 et/)- 



J tj^u ia*U ikii jifSl J* ills* q> of J! ^ 4 J* • ^ * 




i bis-* 



oi 








f(x ) o\» -y 



.^sTS* J*J*-^ x et/ -J f(x) = 



it/ 



\Jubj . y-y 



o 



< cj\t ur y eF of jy .uj&b ^ oi ^ 

.ir K tOl ^aJU '4>*JW 



t (iA) US' cp 



y-y 







<p( x o) 







^ (y-y ) 



< 



A 



-i 



< X/* <y c—ia. j»i 



r 

2 



0U(« 




(p(x) - x 



o 



<|cp (x)-(p(x )|+ (p (x ) 

I 1 



X 







< 



2 



x - x 







r 

+ -<r; 



. x 2 £ B ,x 



e B CJ^ \h\ ji^s (0 > ) Cil. ^ .cp(x) e£ Oil 

.y ef(B)cf(t/) = F 0\» dlii ./(x)-y <x-)i «a*^i-J^ 

+ h et/,x ec7 0SJL3UA or* .y + k cy eV jld* (V) 

c(tA) Jiij^uT cp J^idj .y + k = f(x + h) *y = f(x) 



01 



cp (x + h) - cp (x) = h + A' ] [f (x) - f (x + h)] = h - /T'k. 



J 



- 2 



h| Oil • lh — >4 _1 k <|jh| t (o.)iiUiwi 



i 

2 : 



1 i 



!h <2U"' 



kl = r'lkl ■ 



Of lc TJfcl iLy&u dJUsfi f'(x) 0\* <A <^ ibAjdij t (£V) Ji bUs^t 

g(y + k) - g(y) - Tk = h - 7k = -r [f (x + h) - f (x) - f '(x)hl , 



g(y+k)-g(y)-rk 



k 



< 



T\\ f(x + h)-f(x)-f'(x)h 



X 



h 



g'(y) = r Ol u3 (JL4 Oj& OUr! Ji <L-J^. ^1 ^riJ £Mt 



Oil 



(*Y) 



Otf dUoj .f'(x) = f'(g(y)) o^i ui cjiT T 

g'(y) = {f'(g(y))}"' (yen- 

UjaJ g OU. «l 



f ' Ofj .(J->UaU g OS f>J) 17 J V -J t 





* 



«JL» Jsu^, Ui Ijj .A ^ hAjS\ J] I a La* I (fi jfi J 




. g e ^(K) oi Jw-^j up t (© Y) £» jntf- 




f'(x) iyrj Jj bt»-»t Jl&AHi |? oi* <(0Y) ibuil 5jUJj <dJi Up U-i .j<LJi 

J .oiJJu a &iJi a* f ^Ir^J tf'(a) -J iJ £*i\ iljtf <x eE WW. 



.^A 



^5 Ob*j-aJl tMVi 



i)UJl iJljyt (t) tj^JJ 3 ^JiL* JL»s#} t\ii\ »Oii 



JSO R" __/ Vjv itj** f(W) Oji <x eE J^l^dl W f '(*) 



Li* jiHj --J-UHj f 01 J>aJu viUi j^jJi ^ .1-1,/ f 



dlJ j ^ J\i«r u> jjkil tJJ>cJ-E Jl-l i)S r fa* *i f j» j E J foca/fy 



The Implicit Function Theorem 4j*Jb1\ 



i^i bjgj (a,b) J x sjJ* y £\ f(x,y) = 



.f(x,y) = x 2 +y 2 -l 
^ li ( YA <1 IdjsUJ m = n = \ </ MjLJt «jW«Jl £>! 



Hj\ {jul* <di]jy .UlisJLi u* lAliJi <kj*. \M ^j-aa l#s~* IfisJLij J->U=i) 



y = U,-,J'.)eR" j x-(x, x,)eR" cjiT lij :&^» 1 1 ^ 

jl) SiuLU i-Jl» (x, y) 



n+m 



yteiij iR" J Ipui Wb «oUt-» j*j J j( (x,y) J Jjty Jj^oil Oj^-i U-i 

A j A x CfcU-t LfekHt iil ^ eL(R" +m ,R'') JT J^i 



(or) ^ x h = ^(h,0) A y k = A(0, k) 

j t A v <= L(R m ,R" ) , A T <eL(R") DIjUjup .k eR m , heR" ^JlW^ 



(Oi) -4(h,k) = A x h + A y \L. 



£>ij tcr &JJ W A x cjiftiy < A e L(R n+m ,R n ) cJiTiij'.kAj* tV ^ 




JfiSy^ . ^(h, k) = OfiLJiJ^j h eR" , k sR 





(••) h = -(A x y'A y k. 



CJlT Jaii law lit A(h,k) = 0^ bls-.i jJt 



+ i4 k = 0, 



, u JUiJ aiiU 4 £)/i (0 0) iii\£ ^ ^ij 

ibuLi o&»?i< 4)t( jgv «YV ^ li* jdi ^lb-m oi u& 

i)b ^* h JJ-i Ofj tlt^U k CJtf lit h Ji (S^j ^(h,k) = 

^ SjUli «iA ol< jyi-w fill p4Jd jiJJi Jto-^i dij^ .k -J a^* 



J/^<R" JEcR n+m irjzili C f j& : 2s» jy» tA 

.(a,b)e£ >^/ c ^« P /f(a,b) = 
.^rJUUilili A x Of^jjfj A = f '(a,b) 



(a,b)eC/ w fTcR" ; U aR n+m u^j** JMl* Jtj.j Uu* 



( on } U,y)eC7 , f(x,y)=0. 



.2(b) = b <R" J W-J C 1 - LJL&g dp <g (y) -/ x CJIT til 



(*V) f(g(y),y) = (yeW), 



(•A) g'(b) = -(^)" , ^ r 

.1* jjli ^\ JJUj ua> .(OV) -i "implicitly" Vw>" g ^ °! 



'.jvca n /w —j oUatali ^ « -J fikT f (x,y) = 2Jit*ii kuT Oi£»?u 



f\ (^1 » * ' • J '^1 ' * * ' 'J^/n) ^ 



/ B (Xl,",*„,>'l,-->J ; m) = 




til 



A/, 



A/„ 



A/, J 



0£ ^y-f R" ^ ^r^iJ ^ Lk*- Jjtf (a,Z>) 

i >^ i£ jUJ ^ Oj£ Oi ^ jf t ai«-» 0j& Of iii>**Ji 

uo^ (M) cjiT lii cdi3i3 isUJ ( Y"\ tl iiftjdi ^rij ) determinant * 
*,,...,*„ -J (M) >■ ^ J* W l <y = b j x = a 0j& 



I^jl. j J^LblJ ibis Jiji ,j» JjU-i flJu» Ofj ib i^J y t^,. ..,>'„ ^ 



.y-J 3 




<F^ :01a J\ 



00 



F(x,y) = (f(x,y),y) ((x,y)e£). 




^ F'(a,b)Of u ^o; t R 



4 E -i C -»-5«k F Olj Ujup 

:L(R ,Hm )-J tr £di 

baJ , f (a, b) = Of le 



f (a + h, b + k) = A(h, k) + r(h, k) 



01 



Of ir .f '(a,b) ufcjtf J ^1 ^ r £ 

F(a + h,b + k) - F(a,b) = (f (a + h,b + k),k) 

= ( A(h, k), k) + (r(h, k),0) 
Ji (h , k) jJ* Ji R"*'" ^1 ^ F'(a,b) Of Ji dii ^ijd 

tk = j /4(h,k) = 0^ cO (jJUi) sjuj cjiT lit .(A(h,k),k) 

^ F'(a,b) Of J) dtfi ^iji h = Of Jl YV ^ i^jdi ^jj; * A(h,0) = Oil 



(« ^ JLi ) ^Xii) ii<l3 Oj£ Oijt 1-1 



jc*>*# dlJLA oarjj *ii dU3 ^ .F ^i^Ji iJudi kAjj> »>- ■ dUoJ 
1 -1 j»kt ^ F 0? vl^ «(o,b) eK , (a,b) cf/ -j t R" + " F j U&*-f** 

VJ U-i 



Ci'k (0,y)eF Oi yeR* ^ ^1 A*j*£l Oj&l £jd 



.3*-jsi» FOV fc-jau 0j£ fPOi jjl J* 

(1.) J] bbu-l ,( x ,y) gU j4*J (o,y) = F(x,y) 0\i <y eW CJIT 131 



.x —I liA f(x, y) = 0\i 




0y».f(x',y) = j (x',y)e£/ 0] .y-Jf^ 
F(x',y) = (f(x',y),y) = (f(x, y), y) = F(x, y) . 

• x' = x 0] <^>. dlii 0£ ^ F 01 Ur 



(° v ) J (g(y),y) ef/ 01 <y eFF -J g(y) Jy> c^UJi >>i Ji :L~Jb 



<H) F(g(y), y) = (0, y) 




i)u)i ijbju Ji biawi <G g C ' Op cF i^JUi i/JU jju GcjiT i3i 

0*) (g(y), y) = G(0, y) (yetf?. 

°^ (g(y)»y) - <*>(y) t» 'g'(b) v^** 



Or> 0'(y)k = (g'(y)k,k) (ys^keR"). 

0U glsit Sarti ojJ dUJS .JF J f(0>(y)) = i(OV) bls-.i 

f'(O(y))<D'(y) = 

O^i dUJU . f '(0(y)) = /4j ( $(y) = (a,b) 0\» t y = b uo* 
Oi) 4,<&'(b) = . 




n 



www.alkottob.com 



/l r g'(b)k + A v k - /i(g'(b)k,k) = ^<D'(b)k = 



o^dUJU .k gR" j£i 



^g'(b) + A 



. 





" ^ 8 f, V ^S; 



\ 



'd O 



{dy k J 



.\<k<m ,\<i<n 







MjijlAj* (1 < j < «) 



Mx i ,x 2 ,y i ,y 2 ,y 3 ) = x 2 cosx, -6x, +2^ -y 3 . 

.f(a,b) = O^b = (3,2,7) j a = (0,1) cj\T lit 

^ i4 = f '(a,b) Jiy«Ji & ^ 



2 3 1 -4 



6 1 2 



-1 



Oil 



" 2 


3 




" l 


-4 " 


-6 


1 




2 


-1 _ 



£>j .(3,2,7) _J J J^Ug C ~ W **»js* 



•f(g(y),y) = Ojg(3,2,7) = (o,i) 



:g'(3,2,7) ^L^(0A) f 






-1 



l 



20 



1 -3 



6 



2 



LJmJ(OA) 



[g'(3,2,7)l 



1 


" 1 -3 " 


r 1 


-4 


" 


20 


6 2 


_ 2 





-1 



4 5 
'2 5 



3 



20 



1 



10 



As 



i 



4 



Aft 



l 

5 



As 



3 



20 



Aft 



2 



Aft 



6 
5 




10 



. (3,2,7) Skill Jj* 



The Rank Theorem V 




1}\J&\ iiAjU jf ^ioJi SJlJt h*jj igfl 

jtjrttW £jLJ\ 0b JUL ^aii pU)i ijujli y-T 

. F'(x) Jd-l Jij^nJt J jJU MLi^ x ikill c-jy F S 





Jrifcll tej** j* t 5/>flce of A— J Jj*J*l fiUid 01 A A 

F ^ <*Ui < /P(/l) <A range <JJu> <ci ^jLj j 




,G ;^ iiAjdl jJ> lift 



6# * 




n 4Mj <*>w 



JlT til 



*u ? e JUt UaJX^ :Projection Ja$U,t n ^ 

. p 2 = p co\f bj X projection 



tlS jt\ ul^.xel^ P(Px) = Px Ufa Of d\ tci *j jtft • 




x = x, + x 



2 



• ^2 




0^ UJLifr . x 



.-px, x 2 =x-x, e ^ ^ ^ ^ 



iblA >Pj> ^.H* uf .Px 2 = Px-Px,=Px-P x-0 

dUi * Px a = £»(Ui Px, =x, , x, e/P(P) 0(u.x = x 1+ x 2 

.x, = Px 

La J* J k** X, CJIT lijj rf*> i** X CJlf UJ (V) 

. /P(P) = A' J ^XJP ±tJl dJJL* Jsrji 



pj. p x = <e4* illi O^ciii J* if J* X i ^ 



.x e^r 



^u-Si dlisfi X «r <1 l*^ til .dim*, = #>0 £>t j^/ii 

J j* -^i a- u( {«n— ^ ^ ( u i»-» tt »j 

P(c 1 u 1 +--- + c„u n ) = c,U! +-- + c Jt u i 

.X - ft?) jael, Jfl Px=x Otfua* 



.0 < dimZ, < dimX cj\T bt t X, jac .X J J»5 uii ^ ^ 



¥,n>r,m>r <VL> iyw UUfif m,n,r OJ lliAjjt ft 

j£! r S^Ji dlbJ F'(x) j <R m <J EczR" i*j+*JJ C - LeJb 

■ x. eE 



J J*Ul Pj&j iA -J <suil Y l j&l <A = F'(a) <a eEc^ ^ 



m 



JLuaJl L*ij£a» dj& tfJJl) U J V -J H 1-1 C' jJlJ I dJJ La Uru j 



01 C^.(UjJ 



Ol) F(H(x)) = Ax + <p(Ax) (x eV) 



.(^^) tyf* /ill OU^UUJ j£\ L*uUA UL^j aOaj OUbjJl JUu 

-1 J bU 0j& F(x) aj c^i H c n Op r = cjiT lii jJl 

• (p(0) = F(a),H(x) - x,F = U -> f.^ ca 
^Lvty ti^i/ Y { *dim^=r 0| u .r>00) u*u* cfii 

JJ-i j^kJiJ^j t (l</<r) ^z s =y, iil^zj €R" . {y„...,y,} 

Rfl 



(IV) 5(c,y t + --- + c,y r ) = c,z, + --- + cz 



0£ dilJU . 1 £ z < r -J ASy,. = Az. = y, 0^» Iajl* 



OA) ASy = y (ye^). 



(H) G{x) = x + SP[F(x) - /4x] (xe£) . 
bLa^i .R" ^ /jit t G'(a) = / Oi & (H) J^Uj op <F'(a) = A Oj 



0£i H'(x) J ^ KOj^J IfrJji Oi gykuJ OlT lit cKj t^j*^ 




tJatf (M) Otf dJj! .j^tfJ OA) iPA = A 01 Ifi »yl£P/4 = A OL. ^ 

(V ♦ ) AG{\) = PF(x) (ie£) . 

A~a£ Uiti ( H(i) — . x Jia^-V Ui til .x eU <jl ^-J^ J^h (V») 



(VI) PFH(x)) = ^x (jg7) . 



(VY) \|/(x) = F(H(x)) - i4x (x eK) . 



\j/ Oli diiJU .x eF £-Jr Pv|/(x)=0 01 tpji(V^) Op ( A4 = ^ 01 lc 

T 2 J K-J C'-VJ* 
\a\j± l^jxA Ajjr A(V) 01 ^>i^Ji ,y ii*-y** V 01 tf 

. /fU) = * 

dUu jur ji ail of v~« cu) (Vt> ^ ^uJJ $f cOUjJi u*£d 



(VT) (p(i4xW(x) (xeF) . 



01 hAjA Hji f jfi t (Vf) yi 5 




(VI) \|/(x,) = V|/(x 2 ) 

.i4xi=i4x 2 , x 2 eK, x,eK 0\T \ii 

J& « i^li dilrf H'(x) 01 u .\eV Ji i-Ju 3>(x)=F(H(x)) 

01 dili & jt x e 17 Jfl r Vjli *iUs* F'(x) jaeF 

( V *) rank<J>'(x) = rankF '(H(x))H'(x) =r (xeF) . 



bUa-i . dimM = r . M a R m 0\J U»jup . <D'(x) Af j& .x eV c^j ^ 

PO'(x) = ^ . 

Jj v/JLSi <p jt «x«Ji ^ Ol<Jb£ K j Af 0? lc . R (A) = K jMj>P Op dUiJ 




.1-1 Oj& (M &\ restricted P Oi 
.(VI) ita-fll* cPO'(x)h = i>p Iaj^ .^h = Oi 0^1 ^jdi 
ul (VY) ^ 5>s »tf y . 0'(x)h = Oil M J 1-1 ^ P j * ®'(x)h e M 

. \|/'(x)h = = ;i£F CJiT /i/ 

= ^x 2 , x 2 eF , x, eF0£ .(Vi) j*> Oi Cfifi 




uK* jh = x, -x, 



(VV) g(0 = v|/(x,+/h) (0</<l). 



Oil i-Ji dJjk A) L-J^j x, + fh eF Of oV Fs-jj^ 0( 

(VA) g'(r) = \|/'(xi+/h)h = o (0<*<1) 

.(Vf ) iJlaj . g(0) = V|/(X, ) J g(l) = \|/(x 2 ) • g(l) = g(0) W ^ 



(W) O^J Oil .j. eV J) /4x Jaii XiiaJ y(x) O^i (Vi) J] bu-.! 

.<p e ^ ' 01 j*jy Oi Jt2i UJp ^ ./4(F) J Usr £->ij J^. ^ 



O^s ci^-j^ FOI ifi. Ax = y Oi ^ x eV c^j y e(^)F ^ 

4*A 01 Y, ^ Wj\yr y 

(VI) x = x +%-y ) 

t (AA) J] 'ata-i .y eJF *-Jr F^ 



4x = ^x + y-y ^=y 



L>«j(Vn) j(VT) 0^» viiloJ 



(A.) cp(y) = \|/(x- J Sy +Sy) (yefT). 



J LSI ^i* oj^i oi y 0^ (>5 t/ 4(F) Oil .FF^cp e ^ ' Oi &s JbUli «Ja 



A{V) 

/JH\ £ ou ji\ OjSo 

y gF(Z7) c-ilf iii .F Jwksii J j*- ii&^i! ^JJs ^<d\ OVi f<A& 

. Fy = ^x 0( ("W) itfjixeV Ja»Jy= F(H(x)) 0£ 



( a>) y = Py + v(Py) (y eF(l/)) 

_J 1-1 U^k /i cF(f/) J! «^ <P i>\j ' Py y ^ liA 

r - dimensional ' "r - iUfl\i ^ " F(C/) Otf ^ -^(P) 4 F(tf) 
Ui( joo oi ./4(F) i»li5 j> iki JT "over" "J j»* S«^j ^ "surface 



Ljljh ou^i cm ^ (in) <ty *L»UjjJt J ur c€>(x) = F(H(x» cjir iii 

F v oUfctfi US '> "flat "i*i*-** H ote^t ii* i>j£ .V J A — 



l*_^JJ H images ^ U 4 F -J 2*;^ oto^t 01 

Determinants obo£< 



(At) J(7i,-.7„) = I1 ^(A-^)' 



OiTiit sgnx = <x<0 OtTiij sgnx = -l ix>0 sgnx = 1 Old-, 



(AT) det[A] = Ys(j i ,...J n )a(l,j x )a(2J 2 )...a(n,j„) . 



. 1 < y' r < n 

t*M U] -I x y 5ii>w«Jl Ol$*sli 



(A£) x ; . = 2a(i,y) e, (1 < y < »). 



i=i 




(ji .[,*] h>j**l\ ol^uJJ ilioT det[^] — • j^kJi ,^Aii 
det(x x„) = det[ .4], 

00 <R" J JjUil jtjll I CJlf IJJ (f) 

det[7] = det(e,,...,e„) = 1 . 

tfj**H SJUfi^l C^ilf bj <x ; . ZJj*m/I £>lpndl J& ijar Hb det 0j& («->) 

.det[^], = -detU] Op ^j** tbl* [A] j* [A], J* LL^ bj (£) 

oi| . / * j Ji ir-Ju o(/j) j a(i,0 = l o\i A = / cjiT lit :d\*jS\ 



det[/] = 5(1,2,. ..,«) = 1, 
_J( JA #S\ <jt £>iT lii isUx,...J n ) = ^ -0) O*^ <^J 

lii J.U sUu-J*)?/* lr^> **** (£) 'M 0*J« (i * °i 



.(r) -J A^i (i) j*tf> j-s —II j* Cftdf ci 



Opn-m ,#iji*> [B] j [A] tutfli} :i*jy» f« 
det([5][/i]) = det[5]det[^] . 

<A«) A„(x„...,xJ = A B [A] = det([5p]) . 



Si ,1^1 it II d\ jJdS Ji^J 



C3$ dUal .Bx xi ...,Bx n oi^uli ^» [5] [A] 3o*pi 01 



(A^) A„(x 1 ,...,x„) = detCBx 1 ,...,£x n ) 



(i) ji (^) rt »i ^djui-i uuj dike a b o\j 4 rt *i i^jdij (A%) but-i 

<(A£)j(o)Jl fcls-t 

(AV) A B [^] = 2a(/,,l)a(7 2 ,2)---a(/„,«)A i? (e jl ,...e f> ), 



(AA) A s (e, ,...,e ; ) = t(i v ...,i n )A B ( e, ,...,ej , 



01 ^ (A«) Op < [#][/] = [5] 01 irj . t = 1,0 or - 1 Oj ii 




(M) A s (e 1 ,...,e„) = det[5] 



Up <(AV) £ (AA)j (A5) jiu.jKi 



det([5p]) = {£ ,1). ■ • * ('„ , ")'('", , ■ • ■ , O} det M 
oy 0i Jw-^U Lip &=I £»y. .[B] j [A] n-iti j^y^ 

.iiAjJU jAjo ioaj . det[^] j* «**f 

.detU]*0 

0( i^j re *1 k* j>li Op t(J JUU ai*l3 /4 cj\T lit :0tAjtJt 

det[y4]det[^ _1 ] = det[^4 _1 ] = det[/] = 1, 

.det[/4]*0 Op dilii 

A <LAjjil) (ojusm) 3n(tt 0j£ x p ...,x n SjupSi Op t Lr ^*U iMM j& <l lit 

01 d-^ (X t tJiJ Ij-A* dl)U* Jbrji Oil i (« 



4if OJLid! jij^ .y'*fc CJlT lii jjtf 0jJ4 x t — < 

.det[/4] = Oil .0 too* dUsiO u.u*f 

JT R" <^ouuf {u, u,} j {e p ...,e„} of rV ^ 



— 

I 



D/i ^u , Op <u y = 5e = £ft e, cj\T ii) 




e 



1 



[B)[A} V =[A][B]. 



Of i&J «ro d v <(^>) Oil . det[£] * Op itr&D *W 5 Of U: 



det[i4] y = dct[A]. 



J £cR" Jp-jsili ip^i jjat f cjiT ii) :Jacobians i&j*V f A ^ 



^OJ f'(x) ^IdM jijlt iSJ* Op (i e£ Jrf J«>UfeU i^U f CJlTj <R" 

kiii JU y jjj .Jacobian of f at \ f -J c&jfU-l 
(If) J f (x) = detf'(x). 



• 0' 1 ,...,^) = f(x 1 ,...,xj cj\T *i < y f ( X ) JjWVi 

d(*i>-,*„) 

Derivatives of Higher Order J*H\ V^ 1 ^ olSaAlt 



&LLiJlC)\j ( J*lfclI 2JL»\S £> ; ./ JijjlSi CJlT lij .DJ,...,DJ 

f&e second-order partial derivatives of f -1 iJliSl drjjJl tej^ 1 




Df = D i Df (ij = !,...,«). 



J ^ " O-oJi Jjii Ui^ J 8 /) / Jl jJl\ iMk CJlT lit 



dually f ov/jl» Jl/j* JTiit ^ " JLoJi j* R m 4 £-J f jsJdJ 

D. f = D fi f «Uai JaXfc J^* Li^ <dJU j j* p*J\ ^ .(TV jij*sJl £r» j) o?*Jtll 

t jUlA CJlT Uif 

Ji jail i--Jlj jdi jTJb L^i ( o ^*Jl 5jU> OjJb j ) ■hju./Jl JjtV 





S-z/jtf LiU* t±* QczE Of jtj&S .E ilui JT JLfi Otojrj* D 2] f 

iiiOs* u^jj/" (a + h,b + k)j (a,b) (VUs-fi jjt*JJ kjlj* 



A(/, Q) = f(a + h,b + k)- f(a + h,b) - f(a,b + k) + f(a,b). 



Of cV? Q J* I j ( x,y ) iJu;dUL»Jrji Iajl* 



a(/,g) = ^A./)(*>>0 



A(/,fi) = u(fl + A)-«(a) 



hu'(x) 



h[(Dj)(x,b + k) 
hk(D 2l f)(x,y). 



Of .£cR 2 irjadl ifjurl J Si 




i 



/)(*,*)] 






.(a,b) e£ J>t£Ji 
j(a,b) jl*3sjvja D n f Oji lAAfi 



(D n f)(a,b) = (D 2l f)(a,b) . 



.feC "(E) cJlTiij D 2 J = D n f 



\ $ UT Q cjiT lii . s > & .A = (Z) 21 /)(a,A) jJ\ 



<e 



A (/>2) 



A 



iy.Usli i>p <E ^ »>yry DJ Oi u .k-+0 (j j <h pi .(^*) lalsut 



(D 2 fYa + h,b)-{D 2 f)(a,b) 

h 



t i,U&t 4 *J 3 jsMJ» * -It (*V) £>( \£j AfljA* CJ\T s d\ Ifi. 



Differentiation Of Integrals J->U7 



d r*> f b Sep , v , 




.f j£i 4 j^Ij jjfci Jib ^» cp' «ty villi) 



fc<t<d , aZxlb JjJ^Jt* (p(*,0 0) 

/ [ a ] ^ A*{/* #/j a (<■?») 

» ? e[a,A] cp' e«(a) (C> 

Of ti-*? £ > JML* JJTJi 6 > J t c < s < d (A) 





.cpXx.O^A^C*' 5 ) 
.t e(s-S,s + S) fr*Jrj x <=[a,b] gfJiir-Jl* 

(1-) /(0 = j a cp(x,0^a(x) (c<t<d). 

j<hj? r /'(s),(A<p)' e«(a) 



0^) 



f'(s) = l" (D 2 <p)(x,s)da(x). 



Uit .t &[c,d] ♦ ») >J*J (£) W 

.^Uyu cp o/j ^JJi diili ^ 5j*s-^ D 2 cp cjiT lUT o/isJi< j2«!J (i) olj 



<p(x t /)-<p(y,5) 




w ijuli (x,0 diJU* Jbrji > . to 1*^ J| .0<|/-s|<5 Jl 



01 d~>* t JSC#. 



\\/(x,t) = (D 2 (p)(x,u) . 



3! Jl W ^J 1 ^! 



O't) \j/ (x, - ( D 2 q>)(x, j) 



<e 



(a<x<&, 0<|/-j|<8) . 



ou J»-*i 



O.T) 



At) -As) 



t-s 



j \\f(x,t)da(x) . 




J /■ .^bll cJUJLl ^-^J ;dJJL< fljflJl j* *S?JU (-00,00) 



/(') 




e * cos(xt)dx 





CO 



xe x $in(xt)dx , 



aij J-^l&u 



(-00 <t <co) . 



4 > 



*T w -.cosine -JJ tar iM» C^r ^ ^ 



0»V) 



cos(a + P) -cos a 

P 



+ sina 



Ir +P (sina-sinO^ • 



sin a 



$mt\<\t-a\ i>\ 

1 




0»A) 



P) 



I 



P 



cos a 
+ sin a 



< 




I 



p 



ujup is i*— i 





P = xfc,a = xtf 



r 5 



/(>) 



i 



g(0 



< 



x 2 e 



-X 



■00 




Ar* t\ . t) ^ «^ J*** US> »l 



0.5) 



/(O 



00 



-X' 



sin(xf) 



GO 



f 



5)^ <//X0 



0^0 



2fV) + tf(t) = 0. 



juJ» /(O) 



0/ bmta-ij U*taH ^ oi* Jii U5 



01 J-^ u ^ 



0^) 



V 4 



/(f) = Vrcexp 



j^, f j! o . t> >^ °» ^ 



EXERCISES 




.1-1 f A i>\ & 



^x = x-y 01 ^ yeR" dl)U j^j* ^e^R 1 ) f 1 > 



.jj t yii hA~* J it jL-Il jkcl clyu JSj^> 



j/(0,0) = CJlTiij 



(x,y)*(0,0) CJlTliJ f(x,y) 



2 , 2 

X +v 



. (0,0) J i.^-* c-J/£)l ^ j^jll ^ 
.£ J 5 y*~A fi>'\j*y..EJ DJ,...,D n f V>l 



./'(x) = J* j*y. .xeE ikid I ^ ?^ tf>-ai W 

connected £cR" ikfljtll f&\ *p>«*JJ j-fuai ^li uy* f cjiT lii 

f J fcitt f i)U xe£ J<1 f'(x) = cjiT liij cR m ^ 



- 'j toll &l je&Ul Jl>i 



.x 2 ,...,x„ J*±*iJ^ /(x) Of ^ ^ <x 6 E J<J (A/)« = 



.i&l* 0_>£ o5 5 jl^Ji 0£ (horseshoe OUo^ 



^^^'R" ^ J^^O*^ oM^Ol^gj/CJlf tit 

. / * o cjit uir v(i//) = -r 2 v/ of; 



R 3 J R 2 — J f = (/ l5 / 2 ,/ 3 ) Jr^' c3^.0<a<6^jo oi^a* ia»- 



f^sj) - (6 + acoss)cos/ 
/ 2 (5, /) = (6 + a coss) sin / 
fi( s J) — asin^ 

Of £*A p s AT i*ot VaH< o*r>» <ut (') 




0. 



(v/ 3 )(r'(q)) = o. 

40a Ji* ^ ji^i) dliaT b-J oyj^' oy^Ji £>b J*** 

.( "saddle points" \^ ±W J»ViJt 
<? jf ^ _^oi jIkj (<-j) \*\iJorj ^ q ,y tff 

g of ^ ^ .g(/) = f(/,X0 «<r J ^ x ^ (A > 

Of ^Ip ja^ JuLiOl aJ>i JR 1 J 1-1 \aJos bj£s 

g'(tf =a 2 + V (b + a cost) 2 . 



j*j .t j£J |f(o| = i oi d.^ R 3 R 1 -J JjpUsU ujtf f a\ jejd -\r 

.f(0-f(0 = o dj* 

j/(0,0) = Jy> -U 

3 

(x,;>Wo,o) CJtf-iij /(x,.y) = 



2 , 2 

X +v 



(A,/)(0,°) °! 0* -R J ^ ***** ^< uj^J (V) 



*(') = /(Y(0) fr» Iy'(0)| > j y(0) = (0,0) — < '( R* J >^ 



4x 6 y 2 

/(x,v) = x 2 +/-2xV- 



2\2 



(* 4 +/) 

.(x,y)*(Q,0) CJlTtii 

^ J 1 * ^ ' ( x >y) 6 R 2 0) 



4x 4 v 2 <(x 4 +y 2 ) 2 . 



.9 « /" (1)1 





JjP t -oo</<oo , < 8 < In j! lr-&* (^) 
* e (0 = /('cos8,fsine). 
diki g e Jf £»¥dUI •#(<>) = 2 , ^(0) = ^ e (0) = 01* 

• (0,0) ^ jU i-U Lii W diiac (0,0) 



• (0,0) 4 J-*lisU U<li c-J/£>l ^ j* ^ (t.) 

fr>J'/(0,0) = 



oS \Ju if —J V* W c-J (0,0) alii ^ ^ (£) 



./(x,x 2 ) = -x 



4 



CJtf »ii :« = 1 l^-s 



/(/) = t + 2r sin 



/ O^J (-1,1) /' '/'(0) = 1 £>lh /(0) = j » f * 




Op dUJLIj ;R 2 i\S» j# Jiul J \yU» CjkjSUi £>1 Cftt (^) 



»i>)\ J* .ot-Ij- -J-J^-ij/lfi jtjjp ills* R 2 Jp lii &li Jf 

. R 2 J JLH j-_J- Jb-lj C — } f tOj 

J f -J I^a-i Lj£m g cb= /(a) <a = (0,W3) £» (fc) 



»-> ;g _) 3Mj»tj J*^ a*>t .g(b) = a ti\ <b -J jijA-i 



.(oY)iA^ 'g'(b)j f'(a) 



2xy w = x 2 - i y 2 



3jc + - z + a =0 
x- t y + 2z + w = 
2x + 2>> - 3z + 2w = 



.0 -J 3 jjtf idkifl tfj J OH j -J-JUH j 

fOiLi R 2 J R 2 jJtff = (/ l5 / 2 ) j& -W 
/, (x, = e x cosy, / 2 (x, j/) = e 1 sin y 



Jjidl jjasi) Uli 3JLi--S* ^JB S-T' -> A 




R 2 J/^j* -Y> 



/(xO/) = 2x 3 -3x'+2/+3.y 



'\j*fcto£* \0 Oj£ ^Jt R 2 J JU^ty ^IaJi or/ (i) 

. R 2 J 80^1 j Lid h^j Ja-jaJ^j oOyl j ^ j*a3 i*J 

•^J* = <^> (x,y) e R 2 5 <V) 

^ /(x.jO = JUaUdi > j& j\yr dU=* ^ ^ I S -J diii 



/(x.j;) = 2x 3 + 6xy 2 - 3x 2 + 3/ . 



f(x,y l ,y 2 ) = x 2 y, +e x +y 2 . 



SJLilS iJb dUU o^r ji liAJJU <(£>,/)(0,l -1) * t /(0,1 -1) = Of c# 



j £(1-1) = Oi (1^ t R 2 j (1-1) -J 5 jjty jUUi <J £ 

.(Ag)(i-i) j(Ag)(i-i) W 




2 2 

x t" y x t y 

.f rfXi ajrjfj t f '(x, v) i^j s—^ 1 



R 3 *J / ^ -tr 



f = (/,,/ 2 ) ^<(*jO*(0,0) JiW^ -y* 



A-lljjArJ^ <.A eZ(R\R w ) djtjft -T» 
R" ^ JuLIi j>SA & TY ^ L»jd\ Olv^ j J/ (f) 

. /P (5) wju j (A) null space JH\*-i U*Uai fi 

.SASA = SA 4("\A) j! bbwi 

dim ^(,4) + dim /f(^) = n . 



</( J >yii3 il^lS d-P- ;/(x,^) = g(x) j& *Jtel» 



xy(x 



y 2 ) 



2 2 



MJ*j*J .(*,;;)* (0,0) CJlTiii 



s R 2 J S 




A/.A/./ 0) 




j<R 2 



Jp i£ ^ akii JT J* iajry Z) / j D u f (v) 



t (0,0) 



.(D 21 /)(0,0) = -l j <(D 12 /)(0,0) 



1 



p(x,r) 



X 



x + 



2<Jt 



(0<x< Vr) 

(>/F <X<2yft) 







.<0 f lit cp(x,/) 






)(*,0) 







^^^^^ ^^p^^^ 



/(0 = £ 1 <p(*,0^- 



Oil ,H<i cJlTiii /(/) = / Oi^ 



/'(0)*f (z) 2 cp)(x,0yx 



J«/(0,0) = e "* v 



/u> 4 f >0 JiW^ -f A 



.liiL. ojljM ^"(£)j C'(E) R" J £ j& -t^ 



A, ,,••„/ = A, A, - A,/ 

0\i > 3 Olf tij t *AiJ 



A 2 = o,, 



p(?) = a + *x 

J^ft . < t < 1 CJtf" UlT £ J jiJ 



*(0 = /(p(0) 



.p(0 e£ l^io/j^W gR 1 ^ Jli^-Ju 

I>1 ( gts) I 5J*tf jJaJ j/sf) 1 1 < k < m & *r-JV 0) 



^ ) (0 = Z(A 1 ,,/Xp(0K 1 -^ 



i=0 



iUij oi je*=l^ j«»J j>Lj *J»jy» l*jsi villi po*s-»i ./ e(0,l) 



m-1 i 



/(a +x) = ZttZCA, /)(»)*,, +r W 

aui h /m-i a^jou ^/i*" ^ a a*,** /(a+x) J* 



i^li Jfcth -Jf otoUii ^ j>p ju:. JJbMoJi & JT 

- JjrjjJl CMi UsJtit 0\J (JjJU jA UTj 4(f) «.jJri ^ ^ '( Z i> - A) 

m 



•/(a) 

0^ . D 3U ,D ]M ,D m M coy WJ ^ £ t Jisli ^ 

jSLiJlj 8 jfeLdl WiJ( ijJLi-l * ydl h\£ 

3(D 2 ZX/)(a)x 2 x 3 . 
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BBka-Bld-B-l¥>>->" 
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F P * 



- H d- - ■■ + 
d- h k - x h 



a a Bi bi ar a axal p -k x F I ■¥¥ ■ ■ 
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f^^B a bj ■ k II 1 
f niri'lld#+F> 

l I - ■ I 1 ■ 

J BT k ri pjBBJ-Br 

Tjpaaiaalall'BlB-" 
a | x x 
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¥ ■ 

d - J 



a- i ■ d i 
di d a ¥ d 

H J - J ■ 



a d 



!-■--■■ 



Hi ¥ I I 
a a- d a- 





d ¥ ¥ ■ F ¥ 



d m H d 



H I ■ H 



ai a - d 



pJBfBBlXBl 
■-■■-■■■■* 



J r - B Jip T |BpBLjiB-|Bi 

■ BB■BXX|-■■■■ , ■■■■ , " 

B ■ I - I - - 

■ . n !--■■■ ■ LB 

pBB--|BBi"¥>|-¥>l-p 

a j iaBBan- B HI HBBB 

, , , , i l ■ j a 

■ ■■■■•■■ i ■ ■ -dxI'fa-L' 

i - - B ■ 

bj a BiBxai a j" a a xa¥ k ¥ HB m 

iiiiiiiH + '» ,,1,J *'* 

B n n . L ■ a . I . a..ia -iBi--- 

■■■ I ■ - jij-a-ri W w 1 +■ f + ■ ■ ■■ 



a B P * 
a b a k 



I - B k 



h a J I P 



b k r 

■ x d b- 

L B F B 



d i ¥ k 



B _B-BXBB 



m- k 

H i" 



k a¥fll¥ h ■ B 



B-1-l-i-Biip 
H - « B . a _ a. - 



¥ d I F ■ F 



■3 



I*- 



JiiUUJ '4h\li\ ajuaII 



Jujln2l3 abi^l w)l J*tS2 



Integration Of Differential Forms 




«>,„•. t^JJi 'jbr ^l* J-*^ Jj^j ^j-- 4^ 

^^^^^ 

/\ JiLio 01*^ i^iViiji o£j ;JijoJt ja j£j j£\ uiLu<»! ^ i^i-kr 



^ ^MsmI J-S»lis! iljliil ^r-aib SiLeil 3bty j tJtfH O^l^ ( OI jfc«J S*r* 

.Stokes' theorem iijs^ 

Integration <U\£^ 




(>) (; = 1,. ..,£), 



i k x (J* fk-\ ^Sj<f = f k t» 



- fk~\ (*i ) • « • ) X k-\ ) = J fk (*1 > ' " > > ) , 




4^ jJtj 5 integral of f over J* (I k Jj*f J*&* c^'j * / number 




f 



l$J* j-a*i (iJi Jb^dJ i-JL £'(/) j (Y) J*l£sJI 2^Jl| L{f) cJjli j*> O^i 




s-1 




• !(/) = L\f) ,feC{I k )j£ t c > * 

0^ ua* t A, e <T Of ^ t h(x) = A,(x, )„A (x t ) cjiT iii :DUjJl 



1=1 



01 Jl ^Jd villi 013 JfJljUJl dwU Jil J^l £>\fijJr\ y>£ A CJlf \S 



.Stone - Weierstrass ^ jj j — La 



i 



max 



/(X)| (X6/*) J^JU 1/ 



01 



< 8 



£(/ - g) 



Oli Ujup 



L(f)-L'(f) = L(f-g) + L'(g-n 



L(f)-L'{f) <2s Otp^Ui^ 



wl< R* <j (l/jli j( Ja^U-i) / JUioJU support blfijJl <Jj* 'dkj* 3 T <.) * 



Of) 



/-J Support i*UO J* i£y£ I k 



J^UIU J^lSa 



obit 0j& ^\ JijoiJ R* J*tfcAt <Jij«J u—Lit cijJi uia 




JUJ ( >b ji oblC) 



I 



.i5 




iiftjy* OU ^ J 




* 



Jib k - simplex k -Ji 0* * ^ 



Jj v-Jb x,. >0 j x,+--- + ^<l ifi «$it R* J x = (x 1> ...,x Jt ) 



^jj^ Cj kJi a>b 0j6 0* t Jliii .= 3 ft CJlT \b\ .i = \,...,k 

I k J alia Jl/^i c/e^((2*) >±1 .0,e,,e 2 ,e 3 J & 

^Sj'Q k /(x) = o 



<A3j.li "unit cube" "i^ jJl s-*^ 4 " ^ I k ^ 



< x, < 1 



(1 < / < A:) 




u-jjsJi jus*j *i Jj»l<=3i i Jut of c>y Of uj iji Uitj US' .fc»jjJi fcrte (t) j* 



(°) 



q>(0 



1 



£-» cO < 8 < 1 Oijfjsi' idUJbfUll 
(/ < 1 -8) 



(1-0 



5 







(1 - 6 < / < 1) 

(i < 0, 



F(x) = cp(x, + • • • + x k )/(x) 




) • 



.F e C{I k ) O^Iajl* 



teyj- t y e JT Ji M^i 'X = (y,x t ),y = (x,,...,x*_,) 



0? Jj ^Jj dlli OLi < cp < 1 01 



(V) 



^-,(y)-/,-i(y)^8/ 



(y 




k-\ 



) , 



^ ^/ju ur / t _ 1 ,F t _ 1 j 1 1 iS * ijbjdi oiajh j/iii ^ \f\ diss t 



dilJJ .5.^1 Jt jjJi yi=d U» iiUT /,., j& (V) 6 -> Ul* 



ai ^ (V) op tdUii au»j .(£> ,iA °i 



(A) 



<5/ 




yell *u>ji 3^ ji J^)i ^ L^i aJjSi oij^kli t>l .8u^ 



^1 . 





Primitive 



13 U-l 





0) 



m 



jJdi j* W dilJJ .primitive Ujl G > ^ 

r^Ji J^LiJ^ 'u»if ^ <ul« Jw-S .u^j y»J^J X^ 1 J* 



0«) 



G(x) = x + [g(x) - x J 



e 



IM 



j*uaj auat jjisa 



dUli G'(a) JjJi 



a 

V 



( U ) ( As)(a), . . . , (^g)(a), . . . , (A,s)(a) 



0£ iliJLJ . / * 7 Olf lii a,, = j a, . = 1 bo) c j * /« i-Jl* m th ci-a^ 

» IRF 

t) y G (a) == det[G'(a)] = (D m g)(z) , 



cjifJui Ujj Uj iJ JUV M & G'(a) iik ( ft ^ 'aisa-t) Jw-^ij 

• (A,*X«) * o 



i 



jSLiJi vlUstf e 4 j e 2 Jib. ^ R" J £ ' * iM' J«- ^ 
T) U^e, + x 2 e 2 + x 3 e 3 + x 4 e 4 ) = x,e, + x 2 e 4 + x 3 e 3 + x 4 e 2 

£) B^e, + x 2 e 2 + x 3 e 3 + x 4 e 4 ) = ^e, + x 4 e 2 + x 3 e 3 + x 2 e 4 . 



jP,I = -! JjulwR"^ />„,...,/>„ Jd Uil*U*s-J Jj- cftdUfr OlAjJl J 



<{e m+1 ,...,e„} j {e^.-.e^} 
<R" £cR" tej***!) C- k& F 01 jpjti :hs>jj> V t > % 

.-r&JJ ^.li F'(0) <F(0) =0 t0 sE 



J-Us)l 9JUP ^JJl j R" J — i jljr vJJbA Jbrji 

On) F(x)= J ff 1 --5„,G n o...oG 1 (x) 



.juiii jsp y gis w b, oj&, lo^u g;(o),g, (0) = o 



iJH\ sy> ji-t'ii yli J?ji\) <■ 1 < tw < n - 1 01 ^jaii . F = Fj jJt 



j <cr^ *W F' (0),F M (0) = 0,F m <= <T '(V m ) <0 -J jij* V m 



OA) F m (x) = P ffl . l x + 2> t (x)e i , 



Oi].F m i)SAi- C -H\j* a m ,...,a„ Of 




(H) F;(0)e M =Z(^«,)(0K- 



JJUa a^r y. v±JUJLJ j ,0 ^ jL-t H (H) /-^ <ty 'cr^ F ;(0) Of ic 



. (D m a t )(0) * jm<k<n Oi^fe 



(jjiii ^ £ m <m=k OlT A _Iiua j m J*W ^ # m 



( Y») G m (x) = x + [a t (x)-x m ]e m (i gFJ. 



OS t>i iLli G:(0)j cJJjf G m «G w e^'(FJ Otf Ua* 

. (£» m a t )(0) * 



j^usii aLis g; 1 o/j ^» ,o -J v m , x J c/ m -Ji-i uy* g 



of 

m 




0" ) F m+1 (y) = B ffl F ffl o g;' (y) (y e F m+1 ) . 

^ iLli 0j6 F; +1 (0) j <F m+1 (0) = ;F m+1 e ^'(K m+1 ) 0* Iaxp 

tX gU„ Ji Wl» i! 



(tt) / , m F M+1 (G w (x)) = P m 5 m F m (x) 



joiUiii jojuui «jua» ,>»S2 



P m [P m . 1 x + a fc (x)e m + 



■ * # 





orr> ^,F m+ i(y) = jP »y (y £ ^ + i)- 



[•<*•) 



(Y t ) F m (x) = fi^ (G m (x)) (x g t/ m )• 

J^^jJu J^U^;/« = 1,...,«-1 U*U>^1 

F=F, = B,F 2 °G, 
= 5,B 2 F 3 oG 2 oG 1 = 
= JB 1 -- J B„_ 1 F„oG^o...oG 1 

•£>U jJi ^ ,jL *J ^ «0 v ) & ^ ) ^ l ^ ^ * 



Partitions Of Unity 0^^\ fcj* 



VrjdU tttk* {kJ j <R" —J js* SJjp- tej**JT ^! :Ji *J^ A 4 ^ * 



; 1 < / < s < \|/, < 1 (?) 

J «F B ^ **** V,- ^ (*) 
.xeAT Jfl \|/,(x) + -- + V,(x) = l (£) 



jgw ui-rij < partition of unity Hrjll 0* {v,} ^ J^- <<£) 

. fr} ttall subordinate £ftr{v,} <^ M O* 

W £ j£irf-li*lfiu!ij t feC (R n ) cjiT Hj :" 
(YO) / = 2v,/ • 




dl!u ^ iao* .x 6 7 a(I) of ^ a (x) j*p x&K JT jijf :0U jjjl 

J?l£ji dilL* a^rji ti^i Ko\ u 
(YV) Jrc^x^u-u^x,) . 

J (p,(x) = 1 o!^ «q>i,...,q>, e ^(R") cM> *rji (Yn) Jj uia-i 

J V, = <P, ^ R" 4 0<cp,(x)<l j ^(x,) CJ b«. <p,(x) = 0, B(x,) 
(YA) =(l-q>i) •••(!- <P,-)<Pw 

a%Jl -Op^'j ("-r») J (i) 0«-*^ 

(Yl) y, +--- + \|/, = l-(l-q>,)---(l-q>,) 

(YA) O^i i/ < 5 JoaJ ij-Jl^ ji«wJ (Y5) CJlT lii ./ = 1 Jj ij-Jli i^ty fca* 

1=1 1=1 

(r.) (j ^Utj <cp,(x) = l Oil aju>J iL-Jb xe5(x,)0p cxeAT CJlT \i\ 

•(C) 4*^- ^ 

Change Of Variables oijjisU j-JX 

J«rxj J^^sll Oljifcll j^tf ^JUt jJtll O-oi of o^i »>- •■ 



J^UIU iUiJI AoiAil J-.IS2 



^i*> tjJi R* t> ^>£-J/ Jfiu// / cJtf HJ .xeE frJr J T (x) * 





/(yyy = J Rk /(Hx))krWk x - 



Ji bLu-i <./ r (x)*0 oi< ^jdUi <^>. T-J ^jTU-i j» J r £>tj La ^ji-J 




T~ l Of Jl t 4 u „<«U iiuil 4J»jy» 



<i! 0" ^ ) J absolute value of J 7 
R 1 -Jl-1 C T Of 

L*J (increasing iJjIjn' T 




L/(^=L/(n 



( rt) 

o\» ^ipjj 2L>ioJi aafcii j ajr^/cjir iiij s r'(x) < o o^» .a-aius* ~ 

J* J>a*-I «4 *iUJU .ML- jcSl v-JUri j £>j£ 




.<rt) j |r 



* * 






IS Ut 



)lT til 



_^J| j y J-l»liiU iL.lill k r al\ J*l6 Jjbsi l»JL* Uk* Jai i^rj 




r cjiT lit a^-s^ OM) of y i\ ♦ i^jjlt c&»j <^ • ^u-j^ 1 cr'j) C 



jai o^i^l J^w U** ^ 



Oii < 5(x) = P(g(x)) liij <{? ,P u^ij^Ji j! V-^ 




ajb jdi CJlT lit 



//(*)<* 



j/(^(y))|^(y)k 

j/(^(ew))kF(fiw)K«|* 

f/(5(x))|j,(x)|c/x, 



01 u 



W1 



J P (Q(x))J Q (x) = det/>'(0(x))detfi'(x) 



detP'(<2(x))0'(x) = detS"'(x) = JJx), 



(YT) T(x) = T(a) + B r B k ^G k ° G t _, ° • • • ° G x (x - a), 
Of 4*' y , t F = 7(f/) 01 .V A . iafiii ^ jjjM UT 5. j G, Of 



JAHa"(T \ ) J/ tV? f y c r(£) J^'ye T(E) ikii 

0£ cK Jais \v \ Of ic .KaT(E) i»u-J0 5 






0^1 



ftyyJr viiJiT t vj/,/ Ji«i(r^) 0V* Oil .V y janJ \#*\*s 



Differential Forms J^Usii iltfJt £~*J 



Stokes' theorem Jjz* ii*jy» j^i ^ ^ < J-»&di j >l«H i~-L-S' 



tejyj Green's theorem Ai jS" &*jp* jcjc Jb^JJ tJili JUjjli 




. LaiJi J < 

cUijj jUlixJLa cJ^lidLJ 4JbLSll A^olU u^jUxll aJUfc jJbuJ .l^aJ JUj^Ul Juj\*sti Jiail 



JtbUOll ga*aJI J^tC 



aS JTuU ^Ui £ .open drjxdll £>\*yJr\ ij Ji^uli 



: glk+y up ill 03 .compact i^ljdl 



,xei) ^ Wl< g(x)=f(x) Otd^j DaW Oi ^ 
J k-surface k~ xluJl . R" ci J*-^ £ Of ji> j=iJ :u»ijA? > ♦ t> * 



D J* l& uij-j parameter domain of O-J -k?-*' jJJzdID 




.U = (« 1 ,...,M it ) 




us! «rji dU 3 J i»-Ji Oj . t t > . Jlili J <Jj^>j1i Q* k-simplex k 




,^1 J-5»Utd) 3l<iaJl ^ail Jjjfci X^yS- & jfiJ 5jU> Jl ^iji S (Jj-i (lOtfUi 0^1 

< mappings into E <E J <S>LL^U>1 li ju £ J A- r jla— of La oSVp 

.5 





t(D aJuJi ^ ( £ (j k-4***!! <.)U*-\4 ) E J k>\ brjJJl 

or*) ® = 2X • • •<* to***, A ■ ■ ■ A ^ 



Hfi 4^} '( n J] 1 j* iJuL-* 1^ " indices " " ibV* " «3j>i Js2) 

oUj£» (jjj ,...,<(>„ cj\T lij J ijx-tj %±fir a i t ..., t Jij-di ol j? j*i 




(»i,...,« Jt )->(((», i (u),...,<|), t (u)) . 




^ y^li definition Jk yel* ^ olj ( £ < 1 • Jul 



E J S Jt -„,« i)b ufy £J 0- 4^,flh <J j& 

.[0,l] J^-jll jikfi ;R 3 J ( C pi*) 1- *k-i y j£al (f) 



0^ UXf' 



« = 0y,WY5(O+Y2(Oy|(O]* = Yi(i)Y 2 (i)-y,(O)y 2 (O) • 



Y 



akiJl ^jy(O) yiJ^f 1 3JaiJi ^ Jflii JU^aJ JiiLt lift j Jco Ol Ja^*S? 

Y 

*uULw> UT) . y jk* J^J j co = lj&j^s &rj Js>j . y _J y(I) yi^dl 

.(exact &j~&> jf <Zi& ^» ^tj o 1 j£) jv-fli \ JL* 4 .Uf 
./me integrals 1JaJ*l &%*\£dl l-'a^s c\i c^^di jll^ u Ul* 



jtbusu aiuuii j*t£3 



,y(f) = (acos/,£sin/) (0</<2rc) 
J Xi/y = J o a* cos 2 tdt -n ab, 




f v<£t = - f a* sin 2 tdt = -tc aft. 
y 1*1* iJU-i j» «Jub Ot .y — » Sjj£i UfcLi fc-U* ^ J xdy oL Jto-H 

.Green's theorem jijf 
i a jidi 3-cell 3 — D j£s) (£) 

0<r<l , 0<e<7i, < q> < 27C. 

x = rsinGcoscp 



y = rsinBsincp 



z = rcosG, 



0^ UJUP 



d(x,y,z) 2 . _ 



oil 



4tt 
3 



* 

cd,©,,© 2 j& :Elementary Properties j^'U^ >f d * 

co , (O) = co 2 (O) cj\T J«u* lijj lij CO; =co 2 ^ -E J k-^ai\ 

til .£ ^ O *-£k- co(O) = 0( g*i © = i^j**-! *tj ^ E # <j 

a^i jH^i ^ ceo <ty ssJ* c CJtT 



(TV) 



CCO — C 




oL 



! <i*i co =co, + co,j 



(™) ]co = [ o. + f 

Jo Jo 1 JO 



co 2 



Of 




<y OW Jw-^f 4 (TV) -J 1*1*- UW .E 4> fc-^k- JO 



(") f (-) 




(*♦) © = a(xWr. a • • • a dx 



OL ^>!>U 



• CO = —CD 



anticommutative relation S^Uail aJ^LsJi iS^Ull ol Ja*-*tf <dUJU 1*1* iil*f 



(tT) dx^dx^O (i = l,...,n). 



.(i 1) Ji bUi-.t <C D = Oil ig> = co 0\» t ^LJi (jji^-i ^JU Juuu-t ,? iii 



co cjiT lit 



•CO jUiijJ* 



IT lii <R" .J ^f ^ Sj^jIi Jfe- ^ Of Ji dili fiji 



.k > n 



JtalttU ihW «jua)I tUlC 



itj^f /',,...,/* cjiT lit :Basic &-forms S-^U^I A- > £ t> 

sJjli k - cMalt / cjiT isjj d</', <i 2 <•••</* <w Ot 




f oas-j j i increasing k-index JUljsll jU-^' / <- \h , . . • J k } 



(£ £) = etc, A • • • A i/Xj . 



Basic k-forms in J i^u9'k- a**}!^ jli* ^» A, fc^ 1 o» 



R 



n 



Oij ^ T < > ♦ «fe»J» ^ dUi US' i-l Ju ^jaJi J} tfjji 




Ot J^Jl 



( £n ) *U\,-Jk) = s U\>-Jk) 



.rr A jLjusii j us"s oi 



cfr , a f& 5 a dx 3 a <a&r 2 = -fife, a <2r 2 a fi6r 3 a dx 5 . 



J 




.standard presentation of o ^ ^LJJt JJUxIl 




CO 



2 . 



J*ijs* A- J«b of ^kli j*] ./ Sjujjdli *- jrslaJi ^» (£V) J gO-i jl* 

• 1(1"*) ^tf 3 ^ olbuli j^juJLJ 0j& 03 



a dr, - x 2 c£c 3 Adx 2 + * 3 <& 2 a rfr 3 + ^ a <& 



(1 - x,)f&! a cbc 2 + (x 2 + x 3 )<fc 2 A<fr 3i . 




(£A) 



CD 



o=0 CJlf Hi . E c R" if jsdi J © k - KM) ^l^i J^uJi ^» 

.xeE Jb\ji*k - JJj j£l Z> ; (x) = 0\»d?J 

« Jiili J,,- ^ i*iH i> <rt) 



<£t, a dx 2 +dx 2 Adx 



1 



. 



jJwJjV €£ ji«J Xr-JW *j(v)>0 0) c^>f 4u WUJ Jl J^sll 2* :<JlAjJi 



01 iU* 



R* J * - ajtf-i z) ^ 



X .. - V 



1 



^ .r = l,.,* 



u 



< h CJlT Jaai lijj la) u e £> 0? ^ 



i 



(£5) 



O(u) = v + 



(u e£>) 



.u el> J<J 6j($(u)) > j <D Vyl' jMVj li *" $ W 



til* uf 



(0.) 




CO 




fJtt (o » ) Oi( . co(0) * Oi Jj >. dUi Op cWj* (0 ♦ ) & ^\ie\ Of tfj 



j^uou auaii j-»iS3 



d(u,,...,u k ) 



Products of basic fc- forms 



1 u^r* 




product uj*}\ Oi .1< j, <---<7 9 <« j 1 £/,<••• <i, 

JyJj A<k, j»> j*^ ^ij t R" 4dxj jdx, ^ 

(0 Y) dtj A dXj = Cfcc^ A • • • A dx jf A A • ■ • A . 



ip + q)- J^jOi ^ [/,/] v-a&l as>i, ^ o£Lr H / j /CJlT lii 

**r* > <farr ,1 ^ Ua;p J 8 * ^ j". I <-> J T*^* Wr! tf^'j ^r 1 ' 



(Of) ^A^^-l)"^, 



* J^li otfj^ili iOP Op diiJJ) .ajUi y, -/, oti J^^ai 



01 



j* o\Ja±\ i-LP Oj ./„ ^ Jit -j.Si U»j»jjr o/i ^ cOiW' Ji 

.( ju»i oijU-i ^ o ol< Jkrir ) .i < x of ^ * Jj>» ^ 

01 .a j» oijkH ^ Oi Wit v** ^ ^ 



(0 0) ((iCj A C&j ) A <k K = t&j A (A j A dx K ) . 

(OO) ^ ^Jbr JT O^i I^a* Ol&tf JT,/,/ ^Ipj^i ^ jcif # OlT lit 

- JsM' S\ ?J [l,J,K] o& A,/,/ £>l ^ diJiJ 



(00)-J ^1 <-j^J '( d ^) -J 0^ Oj 5 ^ 




(00) Oil 



Multiplication W ^ 



CO = J> 7 (x>fc ; , = Z <v (x)<fr, 




.{\,...,n} '*yJr\ 

(0 V) co a X = Z 00^/ A dXj ■ 



J^>UuU 4±A11\ ^.oll J*ISj 



(CO 1 4- CO 2 ) A X = (CO j A X) 4- (© 2 A X) 



CD a(X x + X 2 ) = (CO A X j ) + (fi) aX 2 ) 



J 



A) (co a X) a a = co a(X a a) 



> = co/ = T /(x)6, (x)<&, . 



.0 - UJUP c / A CO ^ c ^/CO ^bdl 



uy»i ^iii <7J->uyi j*>* itft J^- : Differentiation J->lisJi ^ A t> ♦ 
i^-j^li oIpja^I ^Sko. J C ' ui^aJl Oli co k- ft <fo ( k+l)~ iA^i 



£cR" 



# = £(L>/)(x)<fc,.. 



ft bj <= C'(E) j icd £ - &^JJ ^l^i JjusJi co =2*/( x )^ ^ ,3 i 

(V) <fa = 2 ) A • 




(T«)j Jl bla-<l .[0,l] jlk* <E J 5 ja-* j J^liU ^13 



0*> J# = l , Z(A/X/(0)r/(0^. 



°,=1 



J J— 



Oil •(/ o y) (0 J* 4l*l£ vj^' J^' ^ 'CH' 5apli ^ ,aUa 




Ot) #=/(Y(l))-/(Y(0)), 



(() J UT t ijl$Jl SJjty iiuJl y 4 — ^ J* \ df ^ J 



iisJUki i xdy 1- i«*-aii t)i (^) It il • Jliii £• iij^i ^ iUJ 




OjiiE J C tjijsfi^ m- j k- j © &(i UJ (i) 



(•\Tt </(© AX) = (</©)aX + (-1)*G> A</X. 



.i/ 2 CD =0 Oji <E J C" J^aJt^ © CJlTlJj (V) 

ilUii ^-Jl< (If) f lij (f) 00 ;(V) j (0 V) h :0UjJl 




,j] .a^U m-K* £*Cj *~ (/* <&/ >/>£ gC'(£) 0' 

UjOi j Ju( Jti ^ 4(%t) J dxj j( c& ; ^J>^ tO U^if j( /n j Acj 



CO AX = A&y 



rf(a> a X) = (-1)* + gdf) a £fc ti , 

= (gdf + fdg) a dx j AdXj. 



) 



b.aJ <A - i*r* fife; J 1- *V» ifc ^ l*. 



j^uou auai y*ais j*isa 



dg/\dx, =(-l) k dxj /\dg, 



Oil .(tY) Ji tot»-»» 



</(<D AW = (d/A(fa,)A (g<fr y ) + (-1)* (/JX ; )A((/gA& ; ) 



(J©) A X + (-!)*© AdX, 



•0) J** 1 J*' J 



n 



7=1 



'•.;'=i 



i>ii A**J Li\* A<fc, = -dx j a etc,, j (i ^ D v f = £)( U? 



t (V) *k-rij|j .JCD = (df)Adx I t(1i) (J ((9 =^SC / 



.d 2 f = 
■UlT tit 

.</(<&,) = 



d 2 <Q=(d 2 f)Adx 1 =0 . 



Change Of Variables Ol j&fcll j*? t \ < 1 • 

o=yz> ; (x)^ / . 



cj\T lit : T ou£. /„...,/„ j& 

y = (> , i»-..,>' I( ,) = 7 , W 



>mU)1 J<«iJI 



J Uf . y,= f,(x) 0\i 



On) dt, = S^y'. jW^; * ' ^ m ) 



.£ 4 1 - i*^ $ ay dUJU 



40 Ixlp .JijJiJb iVJm- j 



<k = m cJlftij (co + X) T = co r + X T 0) 

*(co aX) t =co t aX t (cJ) 



Ui* til losr (V) .unbelt a* 8 ijyoi (5) ^^JS* 



OA) (dy t A --/\dy t ) r = A, a-aA,, 

^ C taft U»V »> OA) a\J »H ff «J^p {/„.../,} CJlT li| UP >J» ^ 



# = S ( A/)(y)^ , /r (I) = • 




I 



0£ c£jt=h 5op\3 



O^) 




(A/)(r(i))(£)/ ( )(x)rfx y 

= Z(A/)(TO)^ 



= {df) T . 



j^UJU aLA&JI (tjfrtll <>\£3 



* ^ 1 ^ 



Dir. ^ . 



(V.) d({<fy I ) T ) = o 



.(7 e C" Ok ir>yJi f^a-J i*) 



CO r = /r ( x )(^/ ) 



^(co T ) = ^(/ r ) a (dy, ) r = (#) r a (dy t ) 

= ((#)A(^,)) r =(rfco) 

^1 bUs-l iJdlj ^lillj <(V«) j (^f) ^ tels-» Hjl-il J&«s» 




^^^^ 



CO 



ST 



(VI) (co 5 ) r =co 



.ST ' 



Oi ^ YY t\ ♦ JbAjjH <ty <frj Obk^ A j ca CJlT lit lOlAjJl 




a^) s )t = (© c aX c) r = (co^ a (A, s ) r 



J 



(CO A tygr = CO ct- A X, 



ST 



Uj (V>)ji«J lit Jt ^iji dii 0£ iX j co J] W^j (V^) cia* tit dUil 

gJr\ ouU*< 1 - ^alij - ^f-aJi ^ £ j& Ail lc . co a X <jj W^i 
^ ,J<j cO - js-aJl Jj <L-Jl« i^Sl a^JLC jv^J (V^) OS h->s*}\j 



x,y^ —>E,V,W J»liiJ .q = \,...,p \<z=dz q £)/» ^ JJU-i ^ (VI) 



oy < © = & cjit iii .sr 



(co s ) = fifr,=Z(^)(y)^> 



01 Jj jj gbdi Sopli 0\i JJi) 



(ffl I )r=Z(^ ? )(W / 



£(z>axw)Z(A'/Xx)&, 



^ . A(u) = u(u e D) -f lJjmIi 



1{J 0j& jj! JJU-I ^-^i Of Jait r-l^ :OlAjJf 



(D = a{x)dx i a • • • a dr. . 



©0 = «((u))<fy, A--A</(j>, . 



01 01 Ulas-»l til 44 jJLt « 



(VY) d§ . a • • * a c/<|) j = /(ujdi/j a • • • a du k , 



of 




5(M,,...,I/ t ) 




« = I a(0(u))/(n)A 



Of J! tf*j»(VT)«rth>J 



J*aU21) 4h\ll\ *ju*»]I J*Uu 



a(p,q) = IDA (u) = 1,...,*). 



0^ laJ^P 



^, =Y,CL(j>,q)du 



rf<|>, a-a4 ( =2- a ( 1 ^i) , " a ^^*)^ 1 A *" A 




4* 



• 



SiUii JLbLJl ifrUJi ^ijj .1,...* jj* ilia-i Sjj^ q^.,q k ^ J 

4 J!(tt) 




^m 9i A-'-Adu^ =s(q„...,q k )du^ a-a^, 

d<p t A-"Ad(p t = det[ A]du 1 a- Adu k ; 

.\^sj>^ciai(Vr)0\» t J(u) = det[^] 



CO = I co r 



J UT A J^j (TO -J dUJr Oil) <D — I V-jJl t>lkdl D j& 



CD = l A C0ro = J ICOj-j^ =JC0 7 




)* = f 



Simplexes And Chains J-»^LJlj Ob j&\ 
Affine simplexes iJRAs ob 1 *\ t > ♦ 

0) 4» i» -iJl f rf y-( ij& .S-t*- f - f(0) CJlT 



(VT) f(x) = f(0) + Ax 



.AeL(X,Y) 



W^f(e f ) jf(0) Li^ lii R" ^ R* — I jjisli 0*0* atf*^ diSaJ 

R* -J^i^uSi^b {e,,...,e,} O^i ^bdlT, n < / < k 
ue R k u? «-aJ ^Ji <2* standard simplex ^->0i sjili <J j«i 



(VI) u = 2>,e, 



/=1 



.£a,. <1 j z = l,...,* JiW^ a ( >0 Oid-* 

A - W uil&Ufi R" J J»U& p ,p,...,p t tfii 

.oriented affine k- simplex 



(Vo) a 



p ,p ,,...,p t 



(VI) a^e, + — + a Jk e k ) = p +£a(p,-p ) 




(VV) a(0) = p , a(e,) = p, (for !</<*), 



(VA) a(u) = p +^u (ueQ*) 



A<i<k JiWMe, =p,-p j AeL(R k ,R") i»U 




j*j}J\ Of a^jJ oriented *4py* a 



Lit 



cjiT (ii .j^i >< p ,...,p 



Jiiliui] ikW uJI J*IC 



c{0,l,...,Jt} V>» pi o^a^Ii ^ {/ ,i,,...,i*} Oi ^ 



(A.) a = 5(/ ,;' I ,...,/ it )a, 

UUjK? (V\) j (V«) l*****- 1 ' 0\ a*. t ^L» j£L^ . s = -1 jf 5 = 1 < 

CJ\T til a = 0,...,/; = k cjiT iij Hi a = a ^ *i Of 



UJ 



1 



0? J^ii ui» ( s = -1 cjiS* \jj aa/ne orientation <yrjdl Lr ai 0i£kc a j a 
0^1 aJ> (Jj»i 1 L>1< Ja*-H .opposite orientation LS\*» Ifcrj? 0\&i a j a 
35%Ji sui u £)jj "orientation of a simplex" "i jHl jT — » V* ^ 

."having the same orientation" "^j^l lt* 5 ^ 

(!</<&) p f -p Ol^sil 0j& Ujlp j/t = £ 0j& UJL* du4 14* 01 .ijidl 

(VA) J jfij j^ali ,4 JkaM Jy*sJi 015 <JJU-i oia J .independent 

a —I Jtf* ua* .(yu* c~J (a -J ^ <^J) < cr £*i) 

jt) Lrj** detA CJlT lii (or negatively) (jjL* j§ positively Lf&J Vrj* 




t Ji^i j~kdi J baft R* J [0,e,,...,e k ] SayJli 0^» c^^aiM ^Ipj .(UU 



orienta/ 0-simplex 4rjll - J>f/ .k > 1 ott Ui^ O^li i.uJ 
CJIT \ij .a = -p y a = +p v 5 ^ u ! h^V ^ ^ 



Jyu ilb ^f) 0" / CJlT iilj = ±1) cr = ^ p 








e/(Po)- 




= zf(Pol 




(A^) I CO = 8 CO 




.(Vd) J 2UJ.U a Of J £ > 1 



» »e = -l Op 



o(u) = p,+flu (ueQ*), 



2?e =p -P; -! ^ R" J R* — J ^ J-J-Jt 5 Of 




2U.-L. A Ot vl^- i(l < / < A) i4e, = x, W-' ti! ./ * y >ii£e,. = p,. -p ; 



j p. Jijua o ^-i* J-_ii a Ot; </ <y <£ 0( ^jsii ajbJt Sj-i-t 
frljs-b ^4 J US' SJUpty C dUbi dv to(u) = p +Cu 0£ UJ_* p 



0^ I » ji«J (A ^ ) -f J>1 dUi ^Aju jit-f Sy yVA — l» j ifA — it #a >•«)» 



• 8 = -l 



^ {0,1 Jt} _iP ^\yr'\ jSUit OI>isll ^ JT OS 1> tfcUll iiU-l gM-i 

ayy7«e A- ZJJVi k- iJUUi Affine chains J-^-Jt t A t > ♦ 

Mfi-i it- objilt j< juoaD Jp^ ^ £cR" fc-jaUi ip>*ri ^ r chaine 



Ji^Uuii ALU)! jju^Jt J^ffi 



dtyu <E J k- co cjiT lijj 40^Uf J US' r cjiT lij 



(AY) 



r 



CO 



;=1 ' 



(f J^j*Ji J UT) i-Lih Jiji Ol£^U -of u: . 



CO 




i 013 



(AT) 



r = a 1 h h a r 




(At) 



r = 2> 



E J CD A' 



j£) ji«J(AT) o^T oU 





r£ (A%) j (AT) J ^ jy^Ji 0] kw>ij jy ^ U£ 

iJb R" J a ^ k - JS" ^ JJLl\ . ji£ J-aUj of 

^Jrl g»-U* 0^& t)f Lj\^J syrj 01* diliJ i^-sjj <0y^ j^JUTj j^iikj: 

ol Js^ iajlp ug ^ cTi(u) + c? 2 (u) ^ ^ ^Ji a "JUiali lit* a, + a 2 

.(Ar) J dUj^flS U j*J jjfc iJLa Oj ! R" j Lilu A - 5^ Uaji a 

■ 

j cr l CJIS* lij A3) toldi l») (A*) J US' a 2 = - 



a 



r = cr, +<J 2 CJlT iiij (L~£p Ol^>m ls>y>£ ^ OlXbi a 2 



jf r = il=£< jyu Jij t 



R 



CO 



Oli 



_J a*ga ^ a,(u) + a 2 (u) Oi 

boundary ujji d> jo <.k>\ & v-Ji< : Boundaries ^ ^ ♦ 



= [Po»Pi.->P*. 



UiLJl (£-1) - iLJUl <ul 



M^ 1 (£ - 1) - iLJ-Jl al 



(A«) 



O^a = [p ,p,,p 2 ] CJlTtij .Jteii J.-.^ 



5cy = [pl»p2]-[pO.p2] + [Po»Pl] = [P0>Pl] + [Pl»P2] + [P2'P 









J)\ a, 



P 



' " * 



.p^.p^.-.p*] M' ^ ^ «i*y'£* i! Wii 



! iljU* \Jkl,j Jardj jiku^ dli=i (Ad) ^4£ 



a (u) = p +£u 



t 



P, "P 







! 54*1 R" R ^ J-U« fl Of 
<= ( 1 < /' < j-l) CJtf' ii» 




Pw "P 








(/• </<*-!) CJlTiii 



a 







Pl.p 



P 



jjd^ JuJ ^Jlj 4 (A0) J ^4* ^Jlj 



Oo(«) = Pi + 5u > 

.!</' <fc-l i-^ 5e. =p, +1 -p 



i 



Of 



Differentiable simplexes J->Usi) iblill Ob j J~-!>LJi f » t > 



and chains 



j yj» A-i)U # - Siji* (j CJ\T I5j .4*-lj - _J - 4^-lj j& 01 JjjjJaJb C-J 





.(simplex of class k- oriented C " ) 



J A: - i«--flJi CJlT 15) .Vj C 



JjaUOU gaud JjIC 



( t >p = Tor 



(AA) rd>,) = 2>a, . 



(£-1) U.J h at< <£ = r°<7 4*-yli *-5*y*ll 5 0) J^H u>j<o 

(Ai) aa> = r(9a) . 

Ufo A- iijiA ^ 3> = To a cJilb. TcJlT lit Ail 

.2u*ii-i i!U-\ aJuh **m3 (A^) dUii .(A«) 

<j> k- JULiJ d¥ jJ-i ^ Lii* cijs*f 




(£ - 1) SJUUl 4JV< *F = 

Positively Oriented Boundaries L>1£} aj-at V> ^ * 

ti» £>» .R" JaJ>I OlP^JU ^Jj iJ-*-Ji a^l Jiil/ Ui tfill Jj.uJ 
^ aiiii ^1 ^ .iija- Jiftjy £>uij»j J*^ J» ^ 

ijjj-i" <±mm)i pftUHj Jjltli j*i R 3 jR 2 ^ ^ Jv-^ 

dUi ci^^ O^i fjL~» .W ^*Uri jia*,! "oriented boundaries" "l^jsto 
* da n ujy .R" J U£t J^rja* « - 5a>i j«j a5 a o ^ t n i\ • <j 



s i , ,,! , .. 



. Positively oriented boundary of the set (£ 



ei»e 2 ,e 3 ]-[o,e 2 ,e 3 ] + [o,e 1 ,e 3 ]-[o,e 1 ,e 



2 



[ e i>e 2 , 



e 



[O.e^ejJ + fo.epejJ-fo.e^e,] 



Lrf/V Alls* ^jji t ^» ui~aii ^ t R" j g" J 1-1 Itjrf 7 j&J O^t 

iJbjo jji bUs-i .E = T(Q") j& .(Q n J i>uli U!aA\ ^ Jity 4 >) 

(« - 1) - i LA J>\ -uL E**y*uM> 



dT = 7\'dc ) 



.dE -j (n-1) 




1 8iA u j oi. 



CO 



CO 

ar, 



JluT) .OlAjJl <Ji* lJj^ 4(I ju j& i^\jir\ OJ ? CO 




.( W j*s)l tjJrl lJU» J*U Ojli idJJi JLC 



£. ajus-ioJi jkuiij ««^f) dLbi 7; jr s £, = ^(g") of *i 




- SLJLJt O^i U*up .L?rjj iJUaii* 



8T, 4- 1 * * + 




an 



<ct 2 (Q 2 ) j a,(Q 2 )-J R 2 J Z 2 ^ 1 5a *\J ^ t Jbli ^ 

Oi(u) = u, 



a 2 (u) = e, + e 2 -u. 



Of U .1>0 UjTbr eJLL^ a 2 j o 1 



a 



i 



©j 9 ©2 



r 



3a 



i 




e 




e 



+ 



0^], 



da 



[e 2 ,e. 




ha 



*h\21\ A<m,lt <>i£i 



.[ej,e,l JJ^ [e p e,| Ol< ^ J 2 -J W£! Vrjsh J»5h 

S* ** L J 

2- ii-JUi jj* ^ (2- 



o$ = <3(f±>°a,) + 5(<I>oc 2 ) 

= O(5a.) + 0)(aa 3 ) = O(6/ 2 ). 



^^^^ 



. ^ w jijUi «rij dUi ^ ^ y-f ais-ir 



Jj* tO< V<271 , 0<M<7t j!*r-^l< f Y • 

^(w,v) = (sin u cos v, sin u sin v, cos w). 

_ 




Yi(«) = E («.°) = (sin m,0, cosh), 
T 2 (v) = X(k,v) = (0,0-1), 
y 3 («) = 2 ~ u > 271 ) = (sinw,0,-costt), 
Y 4 (v) = £ (0,2k- v) = (0,0,1), 

J* (V JU Wll U^j^ [0,2tt] j [0,7t] 

.[ (t) M i\ • J\ill ] .jL* J* 7 4 J 7 2 



0! iftrf (TO) -J y>Lit jJaJ\ * y 3 (w) = y , (tc - w) 0\ U 



CO = - CO 

Y 3 J Ti 



.jwTUiA jjblfb OUj& J jJaJ\ itfJ- j^a31 JV Jj* dtfjtf tjj*fj tJjfeJi Ja^ 

OjJU jXlj tJl^l J jjy <i>0£ U»*i j 



Stoks' Theorem ^ j=~> k*jy> 



•jaill ifij+^i J C" k- iLJu V> cJlf lij lhA *a 



OjitVtJ C ~ uL^ls ( k-l)~ CO CJlf litj FcR 



CO 



k = m = 2 Oj& aJU-i .(Jj»lfa)i ^ Uitfh J ^ JUI j^U) J*i£d»j 
U k - m = 3 l$J Oj& i)U-» Lk*;j ^Green's theorem ^*J^ i/* 



aJU-i Oi .Gauss "- 1 "divergence theorem" n J*\j&\ JL» jcs 




fJLii> cStokes iJji-> JJ ^ ySi tf^ J cAisfi ^Ji aitf-t m = 3 ^ =2 i>/s 



jbjli iwiji jU-- <£>>jU] i-fcjUi Uj* Spivak's book iiUL-- ^tf 





.(H ) J* JJJ (M)j (AV) Op « V = I<D, 



<t> _J( «JU» Jt* C^ta ^ 



(^T) a = [o,e,,...,e t , . 



01 ^ F j £ J I " - li-^J diiLa aarjij <0* pja ^\ EclR* 



rv 



JiAlASU ihm J-»\S3 



CO = I CO = I CO T . 




da 



£J ^' ciW/^A *-!)(- to*, J&j (\?) bjdJI 




(<U) f/'(«)<ft/ = /(i)-/(o) 



<Lfc jd\ bUs-.l jwy tfillj c [0,1] J/5 ^=^J ^ ^ a ^ 

.r = l,...,jfc «^ kj** «/ (* - 1) -**^cM* 




So = [e,,...,e it ] + X(" 1 )' T > 



Of 



T = [ e r'*l' •••> e r-l> e r+l'"-» e *J ' 

U»jjlf) e r -J yi«* o*Su*-»i r-1 -j [e„...,e t ] ^ J*a* Jw-*!l 

0V> tiil-ii .t$r-Jl 



&J = (-l) r_1 T 







1=1 



^<U6 0*- 1 1 I = T (U) CJ\T»i1 



(*A) 



l-(w. +••• + «*_,) 



(r<j<k). 



(X 



tU 6 



<2 



u 



J 







u 



J-l 



A<i<k 

(i£v<0, 

(i</< 



lit 




j^kdljjSUt J,. j&i;0</'<A: J! 







) 



ol OL-J (M) j (SA) O^j t / = r / = £>/i ua* ^sJ 



Ji> Oli itf >Vt / Ji Uli • J, = 1,7 = 1 W dlJiJ j„fc)i ^ (> • .) 



Op dUJJ . J. = Oil ' a* ^ ^ J t °' (^) «J x f = OjT 



00) 




o 



(/ * 0, 7 * r) , 



JmJ (^V) Op cdili) **P .(^)J liJ 
= (-1)- f[/(T (u)-/(T r (u)]du. 



dX = (D r f)(x)dx r A <fc, • • • A<fr r _, A <fe r+ , A • • • A 



op dUJJ 



f^=(-ir , L(D,/)(x)*/ 



j^»Liui] 2djli3l yielS J-»IS2 





Closed Forms And Exact Forms 



.E J exact 



&U» Uu co Jp juy irf© = j C' ci^i © cj\T lit 



^ lift, s ^ ft* J~" ^ <£ fc^ 1 «J*"» ^ 



n 



1=1 



. a) [D J f i yx) = {D i f J )(x) 

>XG £ j^rU^j {I,-,"} J/J &* ^ 

lUa ^ ^ H Wi » "pointwise" "Liaii ijA" .•) ^ M 



o.i) (A^)(x)=y;w (x^, i</<«). 

> E J X ( A: -1) - i*,^ oar Uju- E J k - co j*=) o>) 





¥ ■'Si' 

.£ ^ " JuaJi ¥ k- ILJL, 




CO = I CO 




.0 lAJLJ^SlE tfk 

Jj» ^ E J iisSjJi- 1- ^a)t 0t( idUiJ h^t kj>y- iiuT 




1 



f© = U>=0 



.£ J » Ui-aJl ¥ (* +1)" ii-JL- 

E J (k +1) - jL/>LJ J ,u/^» ^ 

U^. JT J (A -1)- <U^> X c^J £ J (* +1)- lLJL - ^ ^ ( 5 ) 



01 ^ -LAjji (jja^kf Op <<rA = Ot U: . ^" wfcuali 



(1 >\) \l = |JX=fc/ 2 X 



0. 



juauu auaa j*ua 




("•> ^ = X 2 +V 2 



r > 



c^i . J-^UJi U** ^ oYl O^ij • R 2 - {0} 4 closed idiAA 



m>) y(/) = (rcos/,rsinf) (0<f<27i). 



J (an oriented 1- simple H*rf» 1" ■>>>) ^ Y ^ 

b.jJ Op t y (0) = y(2tc) &t K . R a - {0} 



(W) J^ = 2ti#0. 



:(W) 




dfc *iS dJij c R 2 - {0} 4 not exact d£Jj n i)J 



t( c ^ r 2 -{o}) a 2- <f> -J ^ 1 

4 dlte cbU- <uV dUij • wo* boundary of any 2 - chain in R - {0} 

.^-U 3- \frUJ c£ = R 3 -{(D) -J^* TV t> » 

xrfy a cfe + a *2c + zdx a # 




t W JlsLl cJ D £JHl flMulf . R 3 ^ jjb-jll 3j£) ifcUjJl ^J* J Ol< /UaJ 



^ d ) L C = jsinududv = 4k±0 



i)H l>) R 3 - {©} ^ c-J C, Ob 0^1 «>-■■■» t jjUt Jlill J ur 




J J^Ii h&&\ po*^ .32,= 01 ^ J* t (C" uL^Jl ^) R 3 - (CD) 

j i \ < p < n t 




(m> (D./)(x) = (p<j<Zn,xeE) . 



W) (Z>,F)(x) = /(x), (Z), F(x) = (p<j<n,xeE) 




*x = (x\* ,x") v^^bjJi 



X 



_J J«L-i U/I i>i .x" ^ L-Jlj (x',*_,x") eE Of (x',x 8 ) gR 



p 



*i /(x) Op t j&cJ (\\\) jh&E Of .R* J ia* S^-jsi* FOp <£* 



01 K jik* cp J)b dUU» aa-ji Oil . x" jUmJ 



/(x) = cp(x\* ) 



. X G E £g+ir i—J^ 



be-f .(ia^i yO^I JUsH) R 1 ^ Juki jJk ^ 0\i 



F(x) = fq>(0* (ie£) • 



ir-J^ (x'.x,) oid^ x'gR'" 1 U c£*ip> \ cyur tij 






^ a e Mb dllUA jbrjo cR*" 1 J i<a* 17 ua* x 

v 4 & a -J yU» r-jli .tfjis-t ; X ' eC/ (x',a(x')) Of 



.() W) j» F O^i t^U-j lair J 



fe** iiJLA osrjj Iajlp t tf© = CJlT (iij (E ^ C JLsll ^ k- 



.a=dX C)'\ ^ E ^ (k - 1) 



,h.jJi\ OU y£\ J tij} 5iLd! ^aJl l> j& -j gag jSLij 

<co k - ^ a*^ ji ^ r p ^ 1/7 = 1,...,/! ji i-JuiOlAjJt 

• x e£ ja*J L-JU /,(x)*0 OtT li) t «^M2J& .dx p+l ,...,dx tt J* J*^ V 

./? *i jAw'ilU OUjJi J^iy 
t tf*co=0 Of u .(a=f(x)dx l 0£ Uo* .© e ^ of ^^ai 

AUU ^ rA ^. Jt bVa-ii ,ie£, 1<7</! J] Ml! (d./)(x) = 



0^ JJ . l < j < n Ji 2^J\t DjF = j D X F = / Of F z C '(E) 



dF = (D l F)(x)dx, = f(x)dx 



, =<D 



.E J ty* Y p _, Jj^ 



< ^ ^) EE (^// )(*)<&, a <&, = d® = o. 

/ ;=1 



(U.) ( J D ; ./ / )(x) = (!££,/)<;<«). 

j£jJb © i^tf -UUj cfc ^ t£js£ ^Jl ^ A) lJ JjjJ-l dill 0^1 fj*J 

(MS) Q=a. + Yf I (T)dx I Adx 



■I = (h,P) J «{l /^-l} J^j*(A-l)-JJ> 7 JS-.aer^ Oi^ 



Old-* G J'J^ 1 fJ*fA c>. iJbjdl Op t (>Y») ii.ibUa-1 



of jj tfifc dJa oy t ( M) - ^ p o(u. Y =©-(-i)*-Vp 



y = ft) 



i 6 H 



dJUil .dy = b.jJ 0\J <c/ 2 p = j <fa =0 Of U: .Y^ j ^ Ui ^ijJt ^ ^Jij 
CJlT lit .£ J u - *r*Jt j4»J M^i y = ^|i ^ Jyiji-i* ^> & 



Ol te as-JU^a = n + (-l)- , p 

Oj& (jJi i^jziii £cR" ^.l<Jt</i <A .'^Ajy* il* 



i^jxall U^jil J E -J l-l C" IL±J T .Vji i&u> k- jf IjJ 



jtituou sjjiaji k^eHi j*isa 




( M) ^ co T = dk Oil . rf(co r ) = V 0/* J A - ^ 

oa f|r v \y A . ^ «tr • ^ 



(0 



(<D r ),=(dX)5=^) • 



^ L»j»* OUj, ^ Ij/Jll 0V,V-*r«i1 til .Otfjdl J C^jAl 



& -A 0* .liliT .(^ ^ crb) ^ ^ ^ 



JJUA OU tl^rji W tjji v-"l* 




« * 



ind thorpe ^tfj J&*>** *j* * > 0> ^ & S^* 



J> 3o*j ^ .*r* JubjJ.1) ponicare's lemma j&y. ^ **»jt 

YVj Yi jvy^Ji ^ l^tf-* c/i^! j>»J Cft^ Ctf^j* P f .Fleming's 




Vector Analysis J-X^ 

4*1 i^-jsJl ijU^ 4jif. , v» 2j^2 uijji di!i5 .£4la* Oi»-^k*U. ^ U lite 

Vector Fields Jjfl^-i £Y « 

j £ c R Jo-jsili 5^j.^J4 U-k F^Fe, + F 2 e 2 + Fje 3 

0**) X Y = F x ckc + F 2 dy + F z dz 



2- j 



T d) co F - a dz -j- F 2 afe a -h /yfe a <iy . 



i-^l Lrflji Otj dilJJ F (jfeu l^J\s. CO p. 0j& CO 2- "&y4 JT Olj <2? j F 4*sll 

^^^^ 



its gradient cM> w e <f '(£) ^ *1 



V?/ = (D,w)c, +(£) 2 w)c 2 + (Z) 3 a)e 



3 



j <fc*y J£*iS* lit* jssfc 



Jtf-t y> VxF «rr/ lp£ . C' uuil j* (E ^ Vi** F Of o^t ^ >\ 




VxF = (D 2 F 3 -D 3 F 2 )e, + (AF, - A^)«2 + (A*2 " A*!)^ 



—» £ J V F **M^ *lu)t >* divergence isJfilfJj 



v.F = A*i+A*i+A*i • 

Jl fc-i\sf UA jjJW cOUjkli SiltjJ .Uisi£ S^jaS CMjj^S' t^V^I dJlA iUs« 

keliogg .D .0 ^ y£ 4* 



ji±uai aiuiiJi lm^h j-tic 



iZJlJfiifdl^ curls CttdUit its gradient &lj*sll Je* cm olfcWi jom aUat fjfi 

j*G j ue C'\E) ;R 3 J b-jsd* iej**E Of jtjzUl :lubj* £V t> ♦ 




- ^ " 



.VxF = Op'<F = Vw «irtT/jy (f) 



.V-F = ^'<F=VxG CJlT Ijj (o) 

Ji^' j (() <-£a* Xcj^ C"_ E Hi ttiMJ Jj 

. u e C "(E) F = Vw ^<VxF = cj*T /Jy ("f) 



. <J±aJij* (E J if&di JjoJ-lj&J F = VxG^'<V-F = CJlflil (V) 
j X F J-»lkU 2ULiL53t £» V-F j VxF , Vw Odj 1 * 1 u J d 



X ¥ -du CJlT Ja£* liij til F = V« 

F = CJtT Jais lijj »ij V x F = 
© F - d% G CJiS* Jail lijj ii)F = VxG 
F = CJtf Jtii lit; lij V-F = 
(Y » ^ . iajjii) dX p = <-/ 2 w = Oiy <?* F = du Op <F = Vm cj\T li] 0^1 



.(1) Ua^ jtf 0j& dJI. j . V x F = Of^^tj 



.F = Vu Oij •» - A^t ^^J ^ = <fc Op * i # 1 1 • 

„kjaJU Jail ^ia (V) J (^0) i*^ 



k - ^oJt : Volume elements j-^Up 



c&r. a • • ■ A dx 




lit dV h j*jJl( jf) >»/m -tJj U Ul£ .R* J 



0*1) \j{i)dx^ -Adx k =\jdV 



tf„kj <£ CJlT liij R ^ Ikr-j Ulkji D CJlf lit : U? Jo^h ^Ik-alt tJui fiJW 

■ 

J D /(0)(u))7 o («)Ai = J /(i)*, 



1 



J3j .volume <£ p*t*"3f3 (\ T1) Op t / = 1 0j£ Ux* **rj J* 



j itj*£E of jtj&J Green's theorem jij' :fc*jy» c> 



f f Tap aa"i 



<£4 



= (D,p-D 2 a)aL4, 




X = \ dX, 

gntf 1 V) Op »p(x,j/) = x j a(x,>) = ->> ^jt 



OTA) jj (xdy - ydx) = A{£l), 



.dliii ill*- .> 



JjaUOU ih\ii\ 



J 2- Uk-O a&i :Area elements in R 3 J 3*-L*it ^Lp i n < > < 

4*slt (U,V)GD ilaai 0* . . D C R 2 Jv-J jikrf.^' cii-ail^'R 

v/ aCv^) a(z, x) , d(x,y) _ 
k } K J d(w,v) 1 d(w,v) d(u,v) 



Of.) (x,^,z) = 4)(m,v) . 

area integral -J £-Lj/ jUl^- < 3>(Z)) J i y*-> iib / cjiT tit 

4^ .Jyu <b off 

(>T>) f /dL4= f /(<D(t/,v)|N(tt,v)|^v . 

Oft) ^(<d)= f |n(«, v)|rfi«fv . 

.cdj*» c&Ajb ^ Off) uin i^ib-j <m) 01 a«duai olauji 0^ 



fc* <Po =("o> v o) e£) ^ °^ '0 = 9^, + <p 2 e 2 +cp 3 e 3 4 




t»iN = N(p ) 

Ort) a,. = (A(p,)(Po),P, = (Ap,XPo) (' = tf. 3 ) 
Ort> r(i/,v) = 2( a ," + P, v ) e , • 

<5 Uttj cj=$'(p ) 



(«,v)-^0(Po)+7 , (m,v) 



• Po ^ * — 1 tangent plane ^Ull gjuJl ^ all « n <£p-lt j» 
-oh, $ jSj jl tit i Po j* 'lU<<I>(p ) ^ ^uit ^j^li n W j*mJ» J-a*. 



>mUJ1 J— *h 



0?°) N = (a 2 p 3 -a 3 p 2 )e, +(a 3 p, -a,p 3 )e 2 +(a£ 2 -a 2 P,)e 3 , 



<>r\) ft^ja.e,, re 2 =yp,.e,. 



i=l 1=1 



(irV) N (7'e 1 ) = = N.(7e 2 ) . 



^•{7e„7(e 2 ,N} ^ {e,,e 2 ,e 3 } J^U ^ R 3 —I ^ Jo«Ji U** 0| ^ 

3- »i jili Op dUJJ .<r . j*^) |n| 2 > 
OTA) krepre^N] 



. positively oriented . H>r fi* 



•jd^i lHjJi f ijuUs * [°' N 1 °^ '(^ ry ) & •[0,7e 1 ],[0,7e 2 ],[0,N] 



0f5) 0,re 1 ,7e 2 ,7'(e 1 + e 2 ) 



N ♦» 



£ CJlf til .R 2 J jj^jJi ^ T image S^aJl >i ijla ^•jUSi ^ji>a 0J 



(U .) ^(r(£)) = |N|^(£) = |jN(« ,v )^v. 

■ 

^ ^rY) J^ibH OU^ .lift* 4> 0j& Ujl* ^ of 
J $ Jo*-»»j tU$* JT ^ (« ,v ) jb^i J >Up olili* J] D jh-J <kUh 




JiiLalU 4k\21\ J*\£3 



. ^(<J>) approximation ^ 4(1 i • ) j* ^ UW 



1 




i 

3 - ajyn jt j£j .JsjU o<a<z» j£d :Jis* iV c> ♦ 



0</<a, Q<u<2x, 0<v<2k . 




x - f cost/ 



* 1) .y = (6 + /sinz/)cosv 

z~(b + fsinw) sinv 




U lA-i .torus solid *- 



d(x, ^, z) ... , 

o(t, u, v) 

^ ^ / Y uL.iT 13} = o a^jJi J upu J5TJ U>» 



vol(^(AT)) = 27i 2 a 2 i 



iXai\ Ujlfc? i^J. 



t 



J f = A^-jJl W ^ .^\» flj ^jk-,^ j> Jl\ ^ v = 2ttj v = 



&JtDK<jjP*Si0i>)4 t=a Up ^aJi 2- gkJi ^ 

• 0< v < 2tt,0 < 1/ < 27t »-3 ydl 



N(m, v) = a(b+a sin m )n(w, v) 



0f^ 



n(«,v) = (cosw)e, +(sin«cosv)e 2 +(sini/sinv)e 3 . 
00 <Z) j> ia» LUlT liij c|n(m,v)| = a(b + asinw) bJ 00 c|n(w,v)| = 1 Oi tf 



jjJUfl ill 



A(<&) = 4?t 2 a6 



ciS <!>(«, v) *rjd ^ N(«,v) = N _w u/j u lii 

Ot s - ^ 4bw ^ tf' <outward Lrj N J» IaJ I f ( v) + N(«, v) 

J z —1 W Jm* lift 0j ./ = a,w = v = n/2 J*Ll tjtoli J»-» ^ 



. (w,v) -J jgM to* JUJi, "upward" "JsH* j!VJ» 'N = a(Z> +a)e 3 j 



Y j& Integral of 1-forms in R 3 J 1- £r*Jl 0}l»t& i A 4 > ♦ 




J ^*>tf>-F j& <[0,l] ikr-J (£cR 3 h*yAM*yJr\ 4 C' _ 



.ifti l<i^w ^Jlj ih+t aii> Y 

* « e [0,l] ifH 



Y '(w) = Y i (")e , + Y 2 («)e 2 + Y 5 

j£sJ t = t(w) ^ W .vector tangent u $ y 




&p dUJL) . ^ '(u) il£l< vector unit 3-l#- jJi 

Y'(«)=|y '(")!*(«)• 

_ 

Ji </aj^ j*T jUs^-t $f t t(tt) = e! <k j4*J Uli y'( w ) = ° ^ll 




Y —wo 




^(Y(w))Y 



(Ut) = Jf(y(w))-y'(«)^ 





1 



= J o F(y (»)) • t(u)| Y '(u)\du. 

du the y Jt* WJ^I Jj^ s** \('(M)\ du <^ ^ Cr* * v «t ^ 
i Y) aWj-< <fc ^ <^j)tlt yjJij .element of are length along ^ 



www.alkottob.com 



Ju^LiuiJ Zk\21\ Juffi 



(Iff) 




J (F • t)<ft. 



t unit y — 5 i/Ull 8jb-j ^ t Of u 

y — ' component tangential ^UJl ±*S*jil 



0! ,(UT) J jo^t J,i&J 



jrJa d\ ^ Ft 0\i dUU) *[o,l]^ UjM t Uy »y tfJU ,| U^m F Of ^ iiUi 

joa ^ dJij j t t(y(») 

Integrals of 2- forms in R 3 J 2- A^aJt 0%sl£w £ ^ ^ ♦ 




) J] 



dx + F 3 dx v\ dy) 




3(y 



v) 



+ (^,00) 



v) 



+ (F 3 od>) 



d(u, v) 



N(w, v) 



f D F(4>(ii,v)).N(if,v)A*. 

^^^^ 

) CJtT lit] .N(w,v) Sop-J 




n 



00 dJJJUj 4 N= Nln 



UbJLP 



e, » (u, v) € Z) 3-Ji< 



J o F(<D(«, v)) • n(w, v)|N(«, v)^v . 




fc^oJl* dJJi £,k^J Lip t( ^ri) Jl blew 



1 




CO 



L(F.N)^ . 



.iJjs-i Ujjl aj^St *vaJ< /w^t.u. i 



>«UJ1 jMkiJI 



Stokes* Formula £ 2Ju*p o ♦ t > * 

sis' liij <£ cR 3 ap^si <f ' <-Ai-»ii (4*=* *>tf?- F CJlT lij 



(>to> J <s (VxF) n^ = J a$ (F t)^ . 



baJ 0^ tr (1. OIa^ J uTj 4 Uul* .H = VxF^ :d\A jJl 



* L * 



0^1 



^(VxF)- n< i4 = J o (H-n)^=f (o 



H 



a « A 

■ it 

a^y-i- ^ t( ^ ^ *\ ) ^ iF j< 'iJj H v (U£) <? < H J*,* bMui La 



.1- j-tf-Ji 

The divergence apUJi jy» > i > ♦ 

(WV) J^V-F^^F-n)^ . 



da F =(V-F)<ftA^A<2r = (V-FW . 



Oil 



J>-10^-J>»«J„o r -L(F«)*. 



JiiU^J 1±W\ J^ISS 



EXERCISES jo^ 

Tel. u^iell J UT J / JjPjo&M^ /(x) = ^ 




^ *(2^,2 W ) ^ did <p, € ^(R 1 ) c/ = 1,2,3,... Jl WW -t 



00 



> .U. 



l of 



f(x,y) = Zk (*) - cp i+ i (x)]<?j (y) 



j <■ (0,0) J U* U 3 .>■-.....«/ « R 2 J l^l lAJUfr 



J<feJ/(*,jO<fy = i ./J J^J/(*,^)<& = o . 

. (0,0) -J jljr JT J y /£)l| Jo*-'* 
. A = F'(0) <F,(x) = A~'F(x) *-> c V ^ ♦ JuAjdi J UT F CJlT lij (f) -r 



0? 0* . F/(0) = 1 



F.(x) = G ,«G„ G,(i). 



dDi pa*. G n ...,G„ SJjSi oLUkIi tO —J SjjUti jWi ^ J 

F(x) = F'(0)G n oG n . 1 o...oG 1 (x) 
ui> *i R 2 J R 2 -J (x,y)^>(y,x) Of ^ < V ) 



j& *5l 5,. flips o\*&5i Of iJla C&) .J-*Sl jj* & 4 'OjJji Ol*»k 

.(V ^ . A*jl\ jOi J* U^Jb- 

eR 2 ^Mli -i 



F(x,,y) = (e x cos^-l.e* sin.y). 



G 1 (*,.y) = (e Jf cos.>>-l,>') 

G 2 (u,v) = («,(! + «) tan v) 



.(0,0) —J Jjjlfc jtUi jMi J 



^ .(0,0) ^ G,,G 2 ,F —J otyjiUt c 



H 2 (x,y) = (x,e x siny) 



H 1 («,v) = (/?(w,v),v) 

.(0,0) -JSjjl^l jtlil JaiutJ F = H,oH 2 Old, 



^J 5 * ^Ji R K -J Vjt Q* of ay 0) -v 



.(2,4), (4,5), (3,2), (1,1) J ^JH R 2 J tfj^ H -K 



J| (0,1) '(3,2) J! (1,0) <( 1,1) J> ( 0,0) J-j* tfili T JJUi jjdt .brjf 



Ji^cJ ./ r = 5 0( .(2,4) 

a = J e x ~ y dxdy 

* * 

diili J = 7(r, 0) Jj* 



0^r<a. 0<6<2tc 



x = rcos6 , j = rsinG . 



<a « >3 JUij (0,0) <J •/> <^JJi D jUli A li* Jr^ T £>( 



JJAijii iLiUIl 



»ij .J T (r,Q) = r £>tj cdJWJ a,l*u)i iikdi ^ - _J - jb-ij ^ TOij 

: SJaill OLJtJb-^ J jXsll i*^ ^ t / e C (D) CJlT 



J D /(^J')^^ = j o fl j/(r(r,e))rJr < /6 . 
. (0,a) ^1 (0,0) q» » jsili UiU ,/)_! S-U-iaJt iikdi D j£J ; £~Jf 




00 



} Ri /(*> jO^y 



J J?(r(r,e))rdwe, 



x 



+ 



y 




CO 



Ujlp LilT ip^H ^aiLa / 5 jr «s-J,\ JijjJJ i—Jb 



^ j> .(Sb jiTf ^ 

-V) 



f(x,y) = exp(-x 



< 5 < oo 



iiyJi j o,v) = Jj* -> > 
o</ <i 



IJ\jS\ J Jaj.yOJ 1-1 tiJo2 T id c# u = s-st,v = st £»y. 

.J T (sJ) = stijy.R 2 jg^i quadrant 



w" e v e 



.ii^kJl dJL4 J-AiJt ^ (^*\) i^r^\ 



v~ ^ o < < 1 



u 



(l/„...,« t )6 R k — iV ^ if^ /* j&l -it 



x = (*,,... ,jc t ) e R k — ii i*y>* Q 



x = T(u) J* 



X, =«, 



*2 = - "i )»: 



i 



i=i 1=1 



d k -J i>loJl iikdi J 1-1 j> Tii\ iQ k J /* J>J 7 1 Of 



j « = x, -i Q k -J y*u!» Ukli J ^ 5 



1_ X X 

1 1-1 



Of,* ./ = 2,...,* ilWlf 



J r (u) = (l- Ml )*- 1 (l- W2 )*- 2 ... (!-«,.,), 



y,(x) = [(l-Xi)(l-x,-x 2 )--(l-x 1 x t _,)] 1 . 



r r ! • • • T ! 

x ri --x r *dx = 

V* 1 x " m ( k +r l+ - + r k )l 



CO A X = (-l) km X A CO . 



Ot dUi ja .5 J^li <Jif^\ o» '»jy+* <d 2 c = 

.k = 3,k = 2 S\ Wi* ^ pi f^r js)» J! • 

Pj j p, Ja* l^U ^Ji (Ar -2) - 8a>iia . j&l </ < ; CJlT iji 



J 



Of <4fr.p VRsa k- iijii* o = [p ,p,,...,p t ] j k>2 CJlT lit -n 



J-bUiiU iLUUl jju^JJ J^i£j 



0,e 1 ,e i + e 2 ,e +e 2 +e 



3 




a, Otf dUiJ .1 dike u»j^) CT oi .R 3 J 



.(1,2,3) (1,2,3) —I (/, ,/ 2 ,/ 3 ) JjiU J Ubji j>r\ oi jfctf i-> 



^i.'2.'3)[o.e,,,e (l +e^e (i +e, 2 +e. ] 



i^jsli 3a*-jJi jAki jj up .J 



CT, H ha 6 

R 3 J uui 



.(I 3 8a»-Ji 



CJlT Jtf ii b ,ij CT) ^ x = (x„jc 2 ,x 3 ) Oi oy 



• < x 3 £ x 2 < *, < 1 



t J- 2 =T, +T 2 *J» -W 



x 1 =[fl,e I ,e I +e 2 ], x 2 = -[o, e 2 , e 2 + e, ] . 
f lilies -R 2 Jli^l^i Sj^Ii^y J 2 ^0f Jjidi^ 
u .ouyii sua a*>i .^jy itfU l- ob > iuji ^ ^ <?/ 2 Oi ojj 

?a(x,-T 2 )^ 

A^-jsii iiiUi 3- Siyli -^A 



0,11) ./ 3 ^ uibUi oij t iUiu a>b jbL. dl* a„...,o 6 Of oy 

.(3 !=6 OL Jfc-v jd^i 



B 0l (u,v) = (0,u,v), B n (u,v) = (l,w,v), 



B 02 (u,v) = (u,0, v), 5„ («, v) = (w,l, v), 
5 <w 0, v ) = ("> V ,°X -S» ("> v ) = ("> v ,0- 

2- iLJL, ^ (3 n JT ./ = 1,2,3, r = 0,1 i-Ju *P„ = B ri (J 2 ) 

5/ 3 =Zh)'o w -p, ( ), 



1=1 



• R 2 -{o} ^ 



- L*u* r j^slj r>0 Ja*J <Y(0 = ('"cos/ ,-rsinf) (^) 
<J( ^ cr(0) = r(27i) -! «[0,2n] iJa^j 3> 4 R 2 -{0} J C" 

Ss^.t e[0,27i] fHOJtffiH [y(t),T(t)] ^\ 



o(/,f/) = (i-«)r(0+wy(0^ 

OJ Tjdi J>-,..li jk V-jii IfUk* ^Ji R 2 - {0} 2- 0\» Ijwlp 




b^alt l^y: ^1 J» Jr iJi /if -t 



.iij*s)U jM&Jl Ik?* lit juj 



jt»U2U iLuui j^ic 



Of r tez~> % i £ 3j»jy» f 





*1 



4 * 



(V) fJA*-t .^catt £>0,a>0 Of JL,*- r(/) = (a cos/,* sin (r) 



of ouJ 



2n 



ab 







a cos t + b sin / 



</? = 27i. 



\ 



r| = d arc tan 

V xj 



r| = ^ 



- arc tan 



v 



X 



y 




r\ OjT ^^1^4^ = * >*>Jl dUi jjo lid # 



R 



{0} 



•(*) u>* (V) *if (-*) 



i 



2rt 




tl = Ind(r). 



R 



x dy /\dz + y dz /\dx + z dx /\dy 




(x 2 +/+z 2 )V 2 



2) 



i) 1 ^. ' R 3 J 2- £kuJi Z < < v < 271 , < U < 71 



X 



sinwcosv, y = sinwsinv, z = cos«. 



{0} J £ <Jf ; fV d . J tell J US' -tt 



.R 3 -{0} 4 d£=0 £>f jV« (I) 
ii\ jAj> .E <zD 2 restriction JUfc yjS^ (^) 

, fc = J sinw </« dv - A(S) 



x = gm (*) , ^ = SCO*: (*) , * = (4 

of 4 (r«) j^w 




o. 



.0 j>p ^ i> W-i J M 0(5,0 ti=*VtJ\ s J! : <J> JSA Jw-M 

. LpH\ ikii J -uij ^ JJi " cone " " J* ^.O^ *P ^ 

JjM <£ V»j 2- jkJi n j& •/ > 0,/ e C "(D) 



n(w,v) = /(«,v)Y (m,v) 



0\i c5a»-jJt 3/ J Q-l "radial projection >5 ci^ai 5 Of U) 

ik*J J ft iS^ "solid angle" "i-U)' k>lj)r J n $ J* a*^' ai * 

yf .J^i 

_* jtai ^ 3- cLJ» ^ .-(^ 



V(t,u,v) = [l-t + tf(u,v)]Z(u,v) . 



jJdi Oli fctteJi v V-JU. .0</<l,(w,v)€£ 01 



cil^M iJkjyij (f) .« UO* jfccu. ft^JLll ^ . J E = 



iS^idil 4JL12JI jjy^l 



1 S = f ^ 



. 



/ r)y\ *jp (-») 



*1 



xdy-ydx 

2 1 

x +y i 



jJl FcR fc-jaill J 1- Ike* X 0^ lAJLP .Y ^ Jliil J UT 

> Ifci 



+ y 



.(£) fU*s*.l 0j.b «(—»X/ (i) Jail (j) 





J 





• v ) iij Z (». v ) 4 ^ 



j£=J 1 1 < k < n M JL-Jb r. 



(X[ + • • • + Xu ) 



2x1/2 



(#-1) - U^ali Q k t r t >0 l$J Ojgj J\ x £ R" _Ji i£.y>£ 



CD 



i=l 



j A A • • • A d5c . . 



Ui( Ja*^ YY j Y1 up.^i QUJk^> jij <© 



C, co 



Ob 




£„ = R" - {0}. 



• £ t 4 da> k = dl^j (i) 



<£ t _i J (exact) iijb 



k = 2,...,n Jj i~Jb. (uj) 



01 ou 



CO 



t-i ) = (#*) A CO k _ u 



g k {t)=U\-s 2 r- m ds (-\<t<\). 




x-(V/ t )(x) = 



J 



x»)= - 





/(x) = J co (xe£). 



Oi 




E J [p, x, y] l«*>& - 2- > J> 



m - m - Z (y* - *. )J «< (0 - '>* + 



o 



. ( A /)(x) = a, (x) 0i| .y zE, x g£ J! i^-dl* 

0?d^ £cR" fe-jafo J 1- co Of ^jdf -to 



co =0 

Y 



j.j?r J-iiy (E J i^Ji co 01 j*j> . C ' JL^ll cE J y jiA* ^ 



01 ^ .c/co =0 01; ^' o* <R 3 ~{0} J 1- co 01 ^/si -Y«\ 

.R 3 -{0} Jiiii o 

0/i R 3 -{0} J 3^-. J^ULi) J,tf ^ JT 0! ,£-*ir 



oi jfijs\ .oyi^i jji^JJ iijy oiii* R 3 ^ fc-jsu 3- £ j& -TV 



JiiliU) J-»£u 



0) 



i = 1,2,3, / € <f '(£) t{a,b,c) eE 
f 1 dy/\dz + f 2 dzAdx + f 3 dxAciy, 

.£ ii i/ca = Oi ^ >fj 



Old 



g , (x, y , z) = f f 2 (x, y . s)ds - P f 3 (X, t, c)dt 



g 2 ( x >y> z ) 



f.(x,y,s)ds, 



<JjP >a > 



O(r t 0) = (rcos6,rsin9) 
(R 2 J annulus j» <D ^ju 0j) .O<0 < 2tt: , a <r <Z>Jl 




u 



f <fa 

J<I) 



CO 

do 




^ gn-i . ^ ' ^ O^j 4* UUi F 3JuIi Of 

.l^V iyU a Of 0&»?L *iS t>i «J»-jaw SjT jf cfe-jaU U> £ CJlf lit 

Of j» j «(^r») J ^ N CJlT tij 



a, 

a 2 

l a 3 



Pi « 2 P 3 
P, 



P 



3 



a 3 P 



a 3 p 2 

a iP 3 | 
a 2 Pi. 



N 



J*» Jw.«i> c^e^ "(£) ,g&C "(E) Of ^jstf <^>** £cR 3 ^ 



F = gVk 



*j*jt (<) 



V • F = gV 2 h + (Vg) • ( VA) 
Lfr-tttf" -Ji U ^ V 2 h = V-(Vh) = ld 2 h/ 



h -J ff LapIacian M 

J uT) an Lji^i ^tjm jla £■ _j aik. vjir a*^# n cjit hi 

| D [gV^ + (V g ,.(V W K-| Mg f ^ . 



^> c5Q -J ^jli-l h -J &Ui ^ d/i/d/i 



C^' ^J* 1 ^-* {normal derivative of h -J 4jJj*ji!i Ik i (' 

. Green s identities ji j> jca^aJi jiL u 

•i^ . V 2 h = 01 ioa i E 4 harmonic L2i\ j h ti\ (r) 



01 «sJ j £ = / 



dh 

dA=0 . 



.dn, J h = cjiT lji Q J =0 A 01 gssL-ij ig = h j± 

. R 2 J UjI Olijlku Of (i) 

0i ^ (9,0 e R 2 fc^ /) j£j .0 <6 < 1,6 c-^ ^ -rY 
<f4k J) Jvj i>lM < R 3 J 2-^1 <Dj£j .-8</<8,0<6 <7c 

x = sin 6) cos 29 



^ = (l-?sin0)sin26 

z = rcosO 



. .tM .. ■ 1 — "f - L 1_ 

- H |- ■■ i . 

I !■' M 



j^uiii auiai ^Luait 



r. . . . . .>.l . 



. - .«J - 

- .4 1 i , 



■ ' ..TT H V"" : " 1 * 
1 . j ^Litr J ._L-*'. -*IB 



^l^H r -. » I '-■'■r-|"j J 

*...:.k ., t^:. P L.rfM 



i i | ; th 1 ; " " 

7- ■ ■ '"i V - *■ 3 ■ « . 
... I h 1 ■'■■•t-r 

i _ ■■ ^ — — Ljl« V ■ 




■ ■ " V.] IV 



> n.l-_l r 



-jb-ij <x> ojj «<e>(7c,o = ^(o,-0 oi^ .(*,>>,*) = <£(e,o ofd 

Jis* Jo-^f j* j Mobius band ^ y lojj* M = <£(£>) 





P 



•f5 



= Pl>P 



J 



(0,8);p 



(7C, 6), p 



ao = r, +r, +r, +n • 



(0-5) 
i.Pi + i] 



(7t,-8), p 



P 



Otf u.u> .b = (1,0,5), a = (1,0,-5) t> 



<D(p,) = <&(p 3 ) = a. 



( l ) (P2) = ^(p4) = b, 



+1 winding U J bJLP dlisfi -(x,>>) Ji 4^*-^ 'b Ji a ^ ^ jL-d 

.(jAtsJi j-aiJi tYf ^-Ji vr«j) -J— e»Sf* iki number 



.r. 



[b,a] 



-1 gjJ bdP ilb: (x,y) 




l^»4-* ^b Ji a j* T 3 jL-tf 



.r 



4 



[b,a] 



.sa> = r, +r, +2T 2 o^duju 



of" edge" M-J " JJl»-" J> ^ l^u-ij r, b Ji a j> \£J lij 

obj^ji t?J0i ji^tdt O^i ;a Ji grj 



T 



r,-r„ 



O^iUll ik-.ljj [0,27r] 3 jsilt ^ Liajj Jsx 03 ^JUl j 



x = (1 + 8 sin 9) cos 29 
y = (1 + 5 sin 9) sin 29 

= -8 cos 9. 



Of U .YY 



to 



T1 = 0. 

a* 



boundary of MJ uJjt ^ TOi ^ ^ 



boJ "geometric" 




ti = 4rr 



JT"i : ■■ m --m . H-.LL 



t I -■: -. .-. 4 -"J ' 7d !■ 
4 _ . r .,.jt 



.7^ : 



T- -i^-rV 



■ f ■i-:-i ,T -7l ■ 



' I*-. ■- ■ II l| IFTT 

, J J. ~ , it-" - , d^ - -i?" . J J 

T T • ■ T ■*! J , - ^ M I ■ 

■ L ^ ■ i ■H " T|T J ■ 

^ ■ tv ' .1 ■ .t 

4 j .^I.^Lh ;P"ru 13. riQ 

r=-^^- r '■■ | H *1 iH r M~H 

F .■ ■ ."^I '■■i ■ ■ ■ M' — i 

■h- ■ ■ rl VI 1 - ^m^-> i" 

■ .-■ ■ * r*.j. ■ .p.* 

l i m... i i«--J i-m . i^L J. *n.U 

J_ - ■ p^i': 

■ h-h ■ . ^ f 



t J - " ■ .--^ ■ ■ --i ■- — i ■ -ap 



■ - -+-*-<n -■"■■+'■ 



- . - -rir| b 1 - 1 "H — <■ i I * i 

1 1 .- _=i.-H*-^ 1*'' * 4' 



_ L _ - L l_U_IB |i 1 _ L 



■ ■ " -■ ■ -- r. L -m ' 



■■1 . H j 1 I -I . ■■ T 
. . ■ ; .-i j-J M 






mWHffTVfffW 





l. " :!J 1 I"? m * r r .'*^ 1 
r< ■ 1 . j j l . 'II 



^ h L ^ ' 'T t r4T>l 



Lrl-B-.k^ni%rk+ 



■.r._-^."jc^r-3t]: 
■1 .v^iiip^ 



Trr?rr.T-Li:.fl 








I' ll ■ m . - f'tV- 




d ■ 1 t J ■" I- 



4 ■ r d - 







The Lebesgue Theory 



» 



2j»0>u-ll u-JuSl <-*js-»l tfjJl tfjM OjJL. Uj-Jl O^jiJt /Ui-. 



.i^fliUl jiai-\ iJUSo il^JLa 4j( 0£ jJ iI*LJ\ J j«fli!l J 



Set Functions teyJr\ Jiji 



te^t Ji Jc^ 01 Jt *i A-B £>! .xeB,xeA 0t 

.Ar\B = 0CJtf tit OtsUiufl j,4 Of J^ij <0_iiJtf-i 



^ e /P cjiT tit "ring" "iil*-" ou^t ^ R UfUlt :<-ij^ > 



0) A<jBg/F, A-B&R. 



.131* ^ /f CJlTtii ^n5e /P bo) 0j& dl3JJ t = A -(A -B) Oil* 



oo 



(t) Ik e /P 



/i=i 



Of lc . (» = 1,2,3,...) A g /P OlT LOT 



00 00 



ru=4-iM-4,). 



/j=l n=\ 



00 



CJlT til additive 4*^"<j> t>j6 au*$U fc-jli bykii ^* AM) jju1 



(?) (|)(^U5) = <|)(i4)+<|)(5) : 



(/ ?t j) A, r\A } =Q CJlT ii j count ably additive L*?*4 Jjdl HjJ § j&> 



oo \ oo 



C> * Ik =X<i>K). 



«=1 ' /i=l 



. - oo / + oo jJ» ad,?- jJl l^oj jiJl 4P 



.-cojl + oo lM Jj tJijJ Vji-I OlP^il D^i tvj^. j^il lilj 5 jiiw jXjtj 



(•) 4>(o) = o . 

O) <K4U---Ui4J = <K4) + -- + <K4,) 



i J * 



(V) <j>(4 u ^ ) + <K4 n ^ ) = <J>(4 ) + <|>( A ) • 



^ ' i4, c 4 2 j U (f)(,4) > CJlf ii] 

< A ) (f)(4) <<j)(4). 

rtnonotonici in*) U'lj ^-i JJL» Ji ^ jlk, u Lj£ s (A) 



* • 



( %) MA-B) = $(A)-<k(B) 



MB) <+oo J( Bci cj\T lis 



^ 4 c4 c4 c--,i4 e R , (« = 1,2,3,...) 



00 



i4 = LM.- 



l>0 ttl -> oo 



« =4-4-. (n = 2,3,...). 



oo 



1=1 



Construction Of The Lebesgue Measure 



.p-dimensional p-^ -J' tf-Mty ^ Ji j*j> : «-*i/ r * ' ^ 




x = (x„...,x,)^Utli ^ ^i dLU R' ^ interval Sjsdl-j. x*Z 

(t ») a, <x, <i, (/' = 1,. ..,/>) , 



I 



* * 



. elementary set 



J jui Li\» < U S js» / Olf lit 



/"(/)=n(*,-^), 



1=1 




(U) m(A) = m(I } )+.- + m(I n ) 

_ 



disjoint iLaddl CsljAl # ^ iUi ^ ^ 0^ t A e / CJlT tit 



00 



. intervals 




(S £) pjbts-.i lii (Alt ^W(> ^)__. ijur iAj* m (A) tA e / CJlf iij 



Jp-jv t**-U^ «Jjl» 0j& m i^i t /? = 1,2,3 CJlT ii\4^ Ji*-^ 




diLA Jbrji s > J^Jj v4 e E J^J U »ij regular 



jiFcAcG ih-f6AGtWi»Fii\<^GeE , FzE, 



(U) <KG)-e<d>(;0<<!>CF) + e. 



77*e $ef function m is regular .Ltlkfrn & Hi J Oj£s (f) 

■ 

.( i f) j* l^l* J-*<i buii iiU-i .trivial 



£e .lJ&-\ x frJr Ujull t w^«Ji'jsi>^i a j& cR' = R i> (V) 

//([a,5)) = a(6-)-a(a-). 
^ ([a, 2>J = - cr(a-), 



M {{a, b]) = a(b+) - a{a+), 
H ((a, b)) = a(b-) - a(a+) 



.(f) 0l» jJ %4Uy» dili 0U»^ . / J i,*Uaj 
5J»* Jl / J Js*AJ Jib JT 0l£»^ 4f og yi ^Ull LJoa 01 



■A n fc-jauy/ oto^. EczR" ity**^ juJUiLtflt 



00 



CO 



n=l 



lt*~~' iJjSi ote^i ikwiy £_J OiJJ JijliJi iJa^i jjp inf _J» Jtf-ji 



H _! jkdi , off/er measure of E -1 ^jliLl ^L/aII (£) 

OijjE'^-}!* (£) > o 0] 



A ) *(£,) 



. £, c £, cjit lij 



H*(/0 = n(A), i4e/JS3 (f) 



00 



1 



oo 



V>i oiP^i ^ iLV Ji ^ -Jiiayi^ ^* 0] oTjj ( f) OW ^ 

• subadditivity iJjJrf L*^d\ (M)^ jiL .R p _J 



.e >0 j A e E M 

L.aJ 4 jyi yt* s of u> ^ * (A) < [i(G) o! u 



CO 



£n(4,)<SH*04) + 8. 



Of i*> i > |x(/l)-s Of F Jjj^H 2***^ ^ iff*A Of i*ilks jU 

bjJ (2L*1 j^f 7 



F c A u * • • u ^4 



1 ^ w 



Oil .NjwJ 



\i(A) < n(F) + e < n(4 u • • • u 4, ) + e < T n(^„ ) + e < \i * (A) + 2e. 



it .jfl i-J^ ji *(£„)< +oo of ^fj 4 f = uf„ oi ijk^t 

i^jsii ji o £„ -J k = 1,2,3,... j '{4*} -^Ji ' s > 




GO 



*=1 



00 co co 



H*(£)£ZZ»*(4*)*2>(3,) + e, 



<« jiwJ H*(FJ = +00 CJtf Ijj s^f t'mLyfe—l ^1 ^ .(^ ^) diJJu gss-Jj 



\ 



tt) 5(4 5) = (4 - 5) u (B ~ A) 



( tr> d(A,B) = »*{S(A,B))- 



cJg tij A n -> A 




limd(A,A n ) = Q. 



uy> <a„ -> ^ of ^ yjSi o\#>«wji {4} iiiu* ^ oir ^1 

. A e M v (n) J /wt/tefy n - measurable L#ua SjJ** ~<S ^ J*** 



Sib *S^i J ^ </(>4,J5) £>j Jfc*-*i £ j " symmetric difference " of 



.}i _i t.jjlki» J^l kiliil i>\ 



IjJlI 



(Yd) ,S ! (^,5)c5(^,C)u5(C,5). 

S(4 u A, , £, u 5 2 ) 



( Y 1) £(4 n ^ , 5, n B 2 ) c £(4 , B x ) u S(4 , 5 2 ) 



^ (Y 0)J* J-a*ij «a*jrij (Y £) 0( 



(^-5)c(^-C)u(C-5), (5-^)c(C-^)u(5-Q. 

Ui4j)-(5, ufi 2 )c(A -fl^u^j -5 2 ) . 

b.jJ ay> <E w E c tJJisH 



c S(4 C , Bl ) u S« , fl* ) = , 5, ) u 5(^ 2 , fl 2 ); 

— A 2 = A x r\ A 2 . 
Of ji &p S(A,B) -J «i» <0 A)j*0 lil bU^t 

(YV) d(A,B) = d(B,A), d(A,A) = 0, 

(YA) fi?(/4 (J S)<J(^C) + t/(C,5), 

(Y^) n^ 2 ,5, n5 2 )[<Srf(4,5,)+d(i4 2 ,J? 2 ) 



d(A x -A 2 ,B x -B 2 ) \ 

0) tLii-lj 4 >0;Y ufcycJi oOki* ji* 01 (YA)j (YV) ,#hUlt oy 



£/(45) = m*04) = 0; 
01 / e /4 -J nth 2k£Ji l>fc< ^ tdUi 



m(/J <2""8 . 

Ua 01 . E _l jlkuT /l/ F (\i) 00 dUJi *Uo!i J iai^li Jji-li 

5 j^iJl j-it a^Jj tOlAjJJ U$* ^ >«Jl 

4 jujbJi< ^ j id(A,B) MU»! 3a^\j i^<> ^bi uj 

( r») |n*(^)-n*(j8)|^rf(^,5) , 

Of jefti) \i* {B) , \l* {A) o> J 5 ^ J* ^ ^ 

Of^(YA) Ci\f.0<^*(B)<^*(A) 



d(A,0)<d(A,B) + d(B,Q), 



Oftff 



V*(A)<d(A,B) + \i*(B). 



\x*(A)-\i*(B)<d(A,B). 



(TY) A n nB n -> AnB, 



A-B n ->A-B, 



(TT) 

(Ti) ^*(4)->n*M), 
4(h) ^ '(^) j 0") ^(A^)^ ^ '> n*(i4)<+»J 



H*(y4) + H*(5) = H*(^u5) + H*(^^5). 

.|i*(^n5) = d\Kv4n5 = CJ\T %ii 



iA'„e A = \jA' n &\f\i\*iHdiij.%(\i)-* disjoints 





4, = (A' u ■ • • u ^ ) - u - • u 4-i) (« = 2,3,4,. ..) . 



oo 



(TO) 



00 



> J^i U^ F (/<) J // * W ill ' ^ 3 4 u • • • u A„ liSj* *ir o* 



(TV) |i*(^)>n*(^u-o^) = n*(4) + - + n*(4). 



CO 



^^^^^ 



00 00 



^,5„) = (i*(U4)=Z^*(^)-^o 



ij jfccJ (TA) 0) t M{y) _J XJUidl OlPj**J) Jjba* ^» Ia„} 0? <i^- 

.^*li34a*(rA)Oj^^j>-SiiJU-i^j pi*(4)<-H» CJtT 



CJlf tij .C - Ul* OjSj 0! i)l L> L^. tljpH 

.(ta Y Ujjli) LM«.e>%) C-^ 1 0* ^ 4/1 = 1,2,3,..., /!„ e ^n) 



00 



00 



4n* = U(4,^i) 



V i*(A n nB)Z\i*(A n )<+cc, 

.A-B = lX_JA n -B) 
tytttjl .Ae cjiT til n(A) -! Jijl^-W O^i f ji 



UU-i jlky "measure" 's^ 1 '*** ~**~ > ^ ^ jik» . /</(» a 

.R p ^ Lebesgue measure dXJ ^LA» \l= M Oj£ <£ii i^>l2- 



R P 4 '**y>* >>J-/i 6 i%) O^fc-jSA* ,4 CJlT lil (I) 

^uJi jud] %\i LaJ d/j 01 ^ <dli iu.jjJ .k-jsiii CJijsili j* Jul! ii«lS 



01 d-* (j j F&*j*£ dliL* a^jd > j ^ 6 CJlf lil (cJ) 

FcylcG, 

(f^) n(G-^)<8, \x(A-F)<e. 

jgy ot»j**«. ^k^S« ik-ijj tfjM cjit ^* oS t> jjty a*u» j*** 



.OUdil J^l* i,}lill i^sil g^a-J |P .open *9-fA* 

aap ifau-i^ £ J* J >-J-i 0&?l< 0\T lil Borel set Jijji 4*j*£E 0( Jjii (£) 



0j£ R' ^ Jijjj ^Jr £ collection U0U\ .oUy jf <ouHa 

.jr-jilt a\fiyJr\ tft J* a- up ^ijJi » a- ^ 




(t.) n(G-^) = ^-F) = 0. 

.n oo uTjij e = l/« uJ^i lii (v) ^> ^ 




O) 



Mi of aj^j, ^ < Y 1 1 1 j ^ f t ^ ^ u Jli4r 



2\n 



(n = 1,2,3,...); 



Measure Spaces ^Ull oUUai 

^ ^ij ) * -J V>i ofc^^UI ^ o- ^ dim dirji £»ir lit space 
js*J« iiil* 5*>4# iibj (measurable sets illi ol*^ 



. M 




^^^^^ ^ 



(measure (^-J ^ 1 j) n 



A' —I Jli Uo* iX e 4/ t dllaJ iiui t cJlT lit 




measurable space 
i » Jteli J* 



f >i ou. 





Si ip^t c jf 
£ jop u (£) j I 



2Jb 



01 U jf 




Lai! 




siotfll 




.^•i W 3> J t j*j tA g ^ LUw tiajb-j tfi jO- l^f LUy ^, v^l< 



.a 



Measurable Functions J'j^ 



{*!/(*) 



> 




(if) . LU" a j£l ^LiU ihli \x\ j (x) > a) Oj& 



( t£) . a J<J ^ iifli [x\ f(x)>a) Oj& 
(£0) . 444- a JSO^^U U<li ix\ f(x)<a\ bj& 



(£«\> . UJ^ a J^^Lil!ikli{x\ f(x)<a\ 0j£ 



CO f I f 

x|/(Ar)>^} = ni^/W> a -- 
x < a} = X - {x \f(x) > a 



1] 




CO 



1 

f(x)<a + - 

n 



{x\f(x)<a} = f)\x 
x |/(x) > a} = X - {x \f(x)<a} 



) J ('*) J! (") »(**) Ji ( tr ) ^ ^ ^ 

.(if) 



!/(*) 



< 





/(*)> -a}. 



g(x) = sup f n (x) (n = 1,2,3, . . . ), 



h(x) = hm sup /„ (x). 



. lim inf 




1 j inf 




:0U jJ\ 



00 



{x|g(x)> a} = U {*!./>) 



> 




«=1 



h(x) = inf g m (x) , 



.^(x) = sup/,(x) (w>m) OfC 




v -t^^min(/ J g)jmax(/,g) Op^l^Ot^iig jfcJlTUj ( f) 



rtT /J/ 



(tV) 



+ 



max(/,0), / 



min(/,0) , 



.^Igdlf iLli c^olgHJ UilaJl JljJJJ ifjUkll ijlsdl Lie- 0j& (^) 

(X J o&ti - oyJu g jf j& S A t S S 



h(x) = F(f(x),g(x)) 



(x eX). 



.^LtHJ jy^ii jgjf+g »jj*a* 



G a = {(**. v ) |/ r («,v)>aJ • 




00 



G 



U/.. 



7 



n 



{(«,v) |a„ <u<b„,c n <v<d) 



01 Us 



{x[a„ < /(x) < b n ] = {x|/(x) >a„}n (x|/(x) < 




U\{f ix), g(x)) 




{*k < /( X ) < K } n { X \ C n < g( X ) < d n } 



x 



|^(x)>a} = {x|(/(x),g(x))6G fl } 



00 




X (/(X),^(X)) E 7 





^li/Oi ^ ;/?(x) = /(g(x)) CilT lil : ( .AU-i U»| ^ t djy ^gu 



.(Y i > (McShane 



^Jt/ JijJi 4 t Borel-measurable functions on R p <j ^LaIJ ZbLtfl 

{x |/(x) > a} 



Simple Functions 3h,,„.,Jl Ji jjj 



.simple function 




(£A) 



1 





(x e£), 
(x e £). 



.characteristic function ofE — 1 i^-J/ <£/U// 




{x \s{x) 



c 




(i = !,...,«). 



5 



2 c / > 



j=i 



ii) ^yUJ iLJ s jf ^ijli .jy JijaJ ^ ^ art ^ ik^n «ia Jf <0t $f 



^tf/ tirtT /jy ,x € X J& in -> oo fcu* s n (x) -» /(x) <>/ <V? M 



>Jj* <f > CJlf til 




H» ./' = 1,2,. ..,n2" , n = 1,2,3,... Ul< 



»2' 



(O.) 



1-1 



n 



2» 



+ 




/CJlT til/ Jl ffelV< VjUbJ (••) J UAl {*„} y\=d\ £)( ^} jJ^ Ifij 



Integration A*lxsJl 



m dU i/^i* Aits' ^ _> j tSjii jf 4( yyH JasM liifX — ! £>*J*A1 ^"JU 



s(x)^c i K E (x) (xeX,c,>0) 



n 



(*T) 



J ^/(i = sup/ fi (j), 



. < 5 £ / Of d-^ 5 ^-t^J iijlail Jl jJl J>J »i jss-U sup — )» £ 




Lebesgue integral of f ' - J dLJ Js&z* ^ T <Ji\ 



Of c^ii Of a! j> 



(01) 



f 5</(l = / K (f) 



.s ^UU iLli JUL, jup ik^ ita J^J 

.(£V) JUf jehju* f~ j / + £>f i! 

Up tfcf jK* (oo) ^JUi^dLt ja Jb-ij JiSi OlT lit 

J*i£M ibtifd jjiij ti&A (o^ a$ (oo) j ajU&u *r air iij 



Jj iLt-.Vl< <dLJ fj^r (or summable) integrable on E $ ( ^tJ^dl tylij ) 




Oi» c-oo ji +oo (0«\) CJIT lii ^ l^y jdk^i iJla o£ urj 

oJ 4)f ^ t J,i£dJ iLtflt Jijdi L*W*i ^ 



-EJfe k)^ ( n(£) < +oo CJlT (iij J 50,2* j ^gttl J^li/cJlT lii (f) 



Op t < +oo j ix e£ Jj a < /(*) < 3 CJ\f lit (o) 



^(£)<J_Mi<^(£). 



Op t x e£ Ji Uli /(*) < liJlT liij J i f,g e /(n) CJIT lit (^ 



op aijtf / j * n(£) = o cjiT iij (_j) 
L/<*n = o. 



/ 




/ 



(OV) 



e / (n) cjiT iij o) 

${A) = \jd\x. 



^ (f) LLk j/ = / + 1*1 0) u* (*) °< ^ :0lft ^ 

^^^^^ ^^^^^ 



jy 0( L> t (t) i*jJ 



+ 



CO 



(OA) 



4>04) = Z<K4,) 



/*/ i-Jb 4 nA,=0, (n = 1,2,3,...) , A H e CJ\T 



jult ajb.liJl ^ j» (j> _l ^icll JbJl ^ Jj^UBl 0\J c5>f XJb/CJlT li] 



f K E d\L = \i{A^E). 

* A 



<.o<s<f of s j-i^u ajbvi ik-j Uii j& t bo) 4 i»uJi aiu-t ^ 



L 5 ^ 



00 



CO 



n-1 



0\i c(©r) (i! bUs-.t (dUai 



00 



CiH \Jai A£J* (OA) Op <n Ja*J> $(A n ) = +ao CJlf til 0^1 

•"J^ 1 <t>K)<+°° of^if.<|>04)><i>(4) 

Ofd^j t 0<s</ 01 C^* s SJli jldt 01 ^las-J t e > 



(V) £^n>£/^- s , £54^/^ 



£. 



Oil 



<M, u A 2 ) > J sd^sdji + Js^ia <|>(4 ) + <K4 ) - 26, 



op dUJJ 



Of Ji^ijJ (M) <^z)^, u---u4, Of tf 

00 



«=1 



.(IT) j («S) t> >(eA) gs^j 




B 



(_^) Yf ( n W^p-j.JiOli^z^u^-^) Oft* 



* |/(*) * g( x )} n £ 



boi Of J / ~ g cjiT iij 

} A fd\i = l A gd\L, 

.£ J Uyj 01& JT J p 01 / tX e£ Ji i,_Ju P Of 




1/1 e Z(n) optEjfe /(u) cJiTijj :iiftjy» t 1 i U 



J?J /(x)<0 j,4«J f(x)>0 = /iufl 




Ja*-* Up / < |/| j / < |/| 01 Ur .|/| G /(n) ^ diJu! 



Lebesgue's monotone convergence theorem 



of ^ u<tit jtjoi) y us* {/„} j^Jj .£ g /^ot^jiiJ 



0</,(x)</ 2 (x)< 



* * * 



(xg£). 



0°) /„(*)->/(*) (xe£) 



0^» UkJLP ./? -> co UJUP 



(11) J / B ^->J #H (»-»»). 



t aj — > go ujup nit jtjpijJi (nt) 



(1 A ) a<f /<fy. 



< 5 < / 01 ^UU ibl5 ik_j ilb s 1 < c < 1 Of c jBi 



= |/„(*) (» =1,2,3,-..) - 



00 



(H) E = U E „ 



'( v< ) ii j-i&li >r ( n jr^ uiL ^ (n^) o(j 4 (Y£ 



(VI) a>c[ sdy. . 



Ol Jfc»-^j LJ^ 4 c -» 1 iljsj 



f jrfu, 



(Vt) a > J fd\x 



.(VY)j <(1A) <(1V) ^ iiijdi «s 




in 



.(/ = 1,2) E J e /(u)0( ^ «/ = /, +/ 2 Oi ^ :<LAj* T^U 



(VT) 0^» <( *l^/ 2 j /. CJIT lij ./ 2 >0,/, >0 Of J,/ti h$ :0lAjJl 



•/, if Jl ^ js*l» o- 1 ^ ^ ^J 3 *-^ 1 J* {■*» }.{<'} W 



.TA til fcAjsll UJbki^j w -> 00 UTjJ til (VV) 



t> ./ 2 < o,/, > o ot jjpjmj jjW-t 



/! = {*!/(*) >0}, £ = {x|/(*)< 




( V £ ) £ = .[ + £ (-/ a )^ = j A JdvL - £ / 2 d|i • 

j(-/ 2 )^=J s /,^+J B (-/)^, 

J 



*i? J 2? •'i? 



.(V«)j (V£> u* tit ( vr> gs-jj 

0^1 JJ- Uftj( OUJt 0ls)U-t <^ jJ .M S jlAy / 2 (x) j 



JLtflt JljJl ^ giss* {/J CJtT lit .£ e M Of f * iS ) 



00 



(VI) /(*) = £/„(*) (*e£), 



Op 



00 



^-Lr* (V%) -1 oi*>»£i :dU jJi 

{/] cjiT \i\ . E e Mb\ JtjiA : Fatou's theorem bAj* T > i ^ 



/(x) = lim inf /„ (x) (xe£), 



(W) { /^<liminfj 



.o jj^Ji J dUi ^ Jlf fj& .(VV) u^rJi J***. ^ 



t»««e£jn = 1,2,3,... J! ir-J^ :0lAjJl 

S„« = inf/,00 (;>»). 



J <E J t/UiJ UbU g„ 0^ lAO* 



(VA) <£,(*)<&(*)< 



* t i 



(V^) s„ (*)*/„ (*X 



;YA ill iiAjdu 4 (A») <(VA) bl&rfi 



.(At) j (VS) m (W) Op dDi) 




Lebesgue's dominated convergence theore 




Of ^ ^UU iliUli JijJi ZJl^ [f n ] j&l .E e A/ OtjtjAl 



(At) /.(*)->/(*) (xeE) 
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(At) 



/„(x)|<g(x) (« = 1,2,3,-, xeE) 



00 UtMfi 



(At) 



limj ' f n d\i = [ fd\i 



JT ^ jfccJ (AT) CJtf* ii) <uii ^tss^i < Y© iU ilw-^ bLs^t 



E 4 f 6 /(^) j /„ e /(n) oi yv «n (AT) tf*Ji rtjf :0lAjJ» 

£>( , Fatou's theorem jA» jjl <ty < /„ + g > of ic 



f (/ + g) liminf J (/„ + g) </u, 



(A*) 



f Jd\i< liminf | / fl ^. 



Of iii>3l ^ Jw-* S: Of 



/) ^< liminf l(g-f„)dii, 



/4i < lim inf - J /„4i 



Of j-ii ^ 



(An) 



J «n > lim sup J fd\i . 



.(An)j (A©) (At) J SjjTJUH oijUklj (A£) J Jittll ifih ^ 



0\s <£ J f n (x) -> f{x) <E ^ flfc3l< iJgu{/„} < +oo CJtT lij 



(At) 



.40*2 J^lis* Vil< flfcd\{ «;JL£t i<jLS=lt ytaUJ Jtf*j 




Comparison With The Riemann Integral 

J^l£j JJ^lS Oj& 2jm ijj J yUyJl J.*l<aJ iJb Jf Of i*ali)t UsJi jv» 




.i*JLJ ii^kJ ^L-Sl J-aiJb i_j jliiU dU oLa jy» jc*j ICj <aJLa ^kJl 

ylcjl Jft&U U<Ufr Jl jail OWi- Of ^ 0l£ o Jjjai J Is*!? ^Jl jTtiil J»-f 01 

ii^Jtil a oa jjbt muJi J>l£d) iUJ 0j£ Of J ji* jd ( i^aJll Jl jJl ^ jf) 



.(/laiiJ iJbli Wb j& ^IjiU iblill Jl jjJl CJ\t\b 0^1 I Ji 

■ 

j <.( dU ^l^U) ^ = /« _! ijA^l JaAU [a,i] 3 /ill AT^lsili tUi j£j 



^jfr .[a,6J -J ^LiiJ U^l dU - olP^*# iL'l* ^ 



J/t. 




;dW £it*\&* & 0U, j-J \ a ,b] J>/-J dU >£dl Jl Ip-Jlt 



(AV) jV<fr = ftfV*- 



V ft 



f tJlf Jui Hi [ a ,b] J f eft tea* ,[ a , ft] ^ SuJ* fOf ^jvti ^ 



.[a,b] J Ljs Jf J * 



dUU O^rji 4 t 4 ^ J^Ajdl j ^ ^ Jyyell Jl bLu-i .5jgU/t)f ^jjf jjjl 



(AA) lim ,/) = ftjfdx, lim £/(/> ,/) = 9? f fix . 

x ,x ]y ...,x n } cJlTiij 
l/ t (a) = 4 (a) = /(a) ; 



f I JAi~.lt c 1 < ; < n, x,_, < x < x, L-J^i 4 (x) = m,. j £A (x) = M 



J 



(1 * ) Z, (x) < Z 2 (x) < • • • < / (x) < • • • < U 2 (x) < U x (x) 

J^rji Jl Ws-l ./> OS (> <x e[a,6] Jl i-JU 

(HI) Z(x) = lim Z t (x), U(x) = lim £A (x). 

Oij c[a>] J ^L2U ^tf #0,^ ^db J7 j L 0t» Ji*.? 

L(x)<f(x)<U(x) (a<x<b), 



J 



- 






.uJ^li <-JjUsJl cajdj .);(AA) Jl I 
. [a,b] J 3iJ* l+fr. Jib UjT tLt^b/^^aS #\ jej&l t cfi\ SfUJ 

OlT iii bi j lii t 0UjL-i 

jLdx = judx; 




^ii L(x) = U(x) Olf Jiii bjj b] ^j* 0^ of u: 



* r 

0i Jl(*Y)tfA» tl)U»t dU? J 



(* fl ) £(*) = /(x) = £/(x) 

A**J Of to? iJ_^-Ji ^ tip t J> J] ^ V jc cjiT lit idliJJ iiui 
W P k oto^i ^ ( of u: x J S^/cjiT Jaii lijj 15, L(x) = £/(*) 



^ lib »*! [a,*] J 0t£» ,JT J i-w f of dU 



JD 




Jri tijj lit ( U^u US') D5| lijs 0&» JT JL(x) = U(x) cjiT 



•/ eft 



fx 



(^) F(x) = j/W/ (a<x<£) ( 



• L*,*j & ^ 0&* JT J F'(x) = /(x) Op ua* 
J M Sjl^ 01) [a, 6] Stffl JT jup Jj»lftJJ 4Lll F CJlT 151 

J F' e / cjiT I5ij (!U iilf c-J "almost everywhere" \tys 

op 4 a » 6 ] 



F(x) - F(a) = j F'(t) {a^x<, b). 





Integration of Complex Functions V J>\ Jutf.' Jd»tSi 



f = u + iv Oij <tf »UJ J 5iydi LT^i - ^ i'b/of ^^aJ 
.^WSil ^li v j « ^ OlT iii I5jj 151 ^UU ^J/Of j jii . l #i s i 9 - v j 

>j£ ^-uiJ iiiAls JijoJi jN»b- jotej^ of oyj ^ 
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(« 2 +v s ) w , 




E<X J uyu 



J 



(*V) 




* 5 



< \u\ + 



J 



i< |v| < }/ 



< 



If te» 



Ejve /(n)jtf 





m 



c 



lb 



/4* 



r 

f 



i\fW 



Functions Of Class / 2 du*N 

~ AJbjy* ^joj ( ^1 J^iJl J Jaii yUjl >0 atlill Jt jail 

.SjuUiIs JijJt Riesz-Fischer theorem 



( 2 



/ d\x < 4-oo . 



) / e / 2 (^) J;. ./ e z 2 of jjs u^^y ^ cjit iij 



w3 (iopUa! cy$ 



/ 



1/2 



/-J / 2 Ox) jUi ||/. 




0^» Ua^.ge/ 2 (^) j /e/ J (n) of ^jaU Yd 



jf J) iyUt a j* .J^Uji 



< J (|/| + xjgj) ^ = 1/ 



+ 



2^ L l^k* 



+ k 2 




i 



/+g 



< 




+ 



s 



of jji i^Lu j^j :DU *Ji 




4- 



f/g 




i2 



g 



4- 



g 



L7 + 




g + g 



7 



g 



/ 



f-g 



= Of Ojf dl±u*U i£i**i* 0_^J ^e c t uid^dl ^j^i Of Ja*^ Li^ 

baa*- lii^dJJJL! . iijb x ^Jr 4~Jl< iiS^lja: ^Jr /(x) = Of Jj ^ jj 



* /-g 



I* 



.Uji* ItUai / ^((i) OlS i ^gttl ifr^S J Jail OUtf ^Jt JijjJ 



r tej*? Sj^t Jijdi JSLx '.hAj* T/\ ^ 




) 2 </x 



1/2 



< S . 



»0 



. A? 




CO UJUft 



characteristic 3 j^i 25tJk5l ^ K A j '[a,b]-J l^yr is.y>* A j&i 



.function 



t(x) = inf 



x-y 



(ye A) 



J 



1 



1 + «/(x) 



(«= 1,2,3,...) 



Of 




1/2 








/ 2 J iitUl! OlPj^JJ 8j-*il JljJJt e^iJ Ol£»?b .TY iU 2j»j>il ti! 

.Uui ^UU iLUll ik-Jl <Jl jjLU JL-Jb Oijj 

jnaJi JijoJL! Sjyjs* yia* / e / 2 j/ >0OLT lit 

t U **jsll Ol5 4 /-j| 2 </ 2 OfU. .5„(x)->/(x) Of ^ ^ ibUJi 




^£NJft 



J 3ju\*s« Jija ^ {(j) ) jy^t JijjJi ijbu of J^ii AS 



JAM** 



o 
1 



X M\J f <= / 2 (^) CJlT \i\ 2 (^) 0j&. Of ^ ^ J^JL. 

c «=i/^ (w = 1,2,3,...), 




00 



tc,7t] J ( / J*- j?) / 2 Uj^Wi ^riy i-iHl y J* 



j! i-~JU (Bessel inequality J-*j ^Ww) U t A j U i OLjijdi jS*** 



Parseval theorem JU^jU ijbjyi oS' ^s&-j 



CO 



-00 







) 



lim ::/ - j„ 



, 



00 



(1.1) 




c 



n 



-co 



1 p 



0( f 3 





< 



6 

2 




< 



2 



/I 



/ 



< 



T 




<e, 



Acn JLAjdl 01*,) J UT . ♦) (\ ♦ >) i)iUll £S*-J .dlli J* (1 • •) 



Of iJJ n > N t( / 2 J! > > 'A l*jjl> J) 'Oil 




J 



■-Jtf 111 , <\- n,n] J f e / 2 CJlT/i,/ 



71 



f(x)e- im dx = (» = 0+1+2,...), 



LljJ UJUfi 



{/„} ^ Jj» • (« = 1,2,3,...) /„s/ 2 (n)j/0& £1 



m>N.n>N 01 AT 





f m 



<e 



Of Jl OUi jJ 



tii/L* o^jw La^js- < / 



of 




\j \jjj> i*Ui / 2 (n) 0| ^ ia» 0\i t tf j*f i*J^< 
A: = 1,2,3,.. , fc^ ^ W ^ u - 



fn 



1 



< 



2 



(k = 1,2,3,...). 



.jjUA JbLw Jj IdVsMl . / 2 (n) g 6 



< 



2 



oil 



CO - 



CO 



< +00 



o\» dijjj L^j oi& jr j 



00 



O'i) 



*=1 



< +00 



E l£>yJr\ J SOPLi* (\ . i) J 4.L..L..-.U Coif lit 4iS dili j -X W/* Ol&» J 



tt J L c JJ A:th -J Of Ifi 



CO 



(*) - A (*). 
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